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We examine recent advancements of the spinor helicity formalism of massive particles. Technical
aspects about the formulation of massive helicity spinors are presented in detail to analyze the
projective-geometry kinematics of helicity spinors as well as the diagrammatical and analytical
structure of their interactions. Two new methods for calculating massive cross sections are derived
and tested on Bhabha and Compton processes: a quasi-high-energy limit and an assembly of partial
cross sections. The acquisition of mass, where ultrarelativistic amplitudes coalesce at low energy,
is given a physical interpretation as the localization of particle worldlines in twistor theory. By
subsuming the spinor helicity formalism in this way, both spacetime and particle content can emerge

from null, lightlike, and timelike twistors.

I. INTRODUCTION

Theoretical particle physics is undergoing a remark-
able period of growth due to recent developments of the
on-shell formulation of scattering amplitudes. This al-
ternative approach to scattering theory distinguishes it-
self from quantum field theory (QFT) already at the
kinematical level by representing particles using helicity
spinors, objects that quantify momentum as a complex
bi-spinor and transform under the little group without
superfluous degrees of freedom. Centering the particle as
the primary object of the theory, rather than as a subor-
dinate embedding within the Lorentz 4-vector field, has
proven beneficial for allowing us to cut through much of
the computational complexity of QFT. The simplicity of
the formalism entices us to study it and perhaps glean
new insights into the nature of scattering and spacetime.

The last decade or so saw the first efforts to represent
massive particles as helicity spinors [TH3]. Many applica-
tions have since been reported, for example, in the Stan-
dard Model [4, [5], black hole physics [6], supersymmetry
[7], supergravity [§], and twistor space [9HI1]. Progress
also continues in advancing our understanding the for-
malism itself and its utility, which are the twin foci of
this paper.

We see a pedagogical opportunity to examine the re-
cent description of massive particles in terms of helicity
spinors and to further see how we can interpret these
objects within the projective geometry of twistor theory.
It will be both practical and insightful to compare our
calculations of scattering amplitudes and their cross sec-
tions to those obtained from QFT. In doing so, we shall
come to see each massive spinor helicity amplitude as
the unique object that is consistent with all helicity con-
figurations of a corresponding ultrarelativistic scattering
process. This coalescence of high-energy configurations
into a single massive amplitude seems to be of central
importance for extending the spectrum of particles rep-
resented by the spinor helicity formalism, and we shall
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see its manifestations throughout this paper, which is or-
ganized as follows.

Section[[] begins by setting notation and examining the
basic properties of the massive helicity spinor. Scattering
amplitudes and their on-shell diagrams are constructed
in section [Tl with examinations of their transformation
properties, singularity structures, and crossing symme-
try relations. New methodology for calculating cross sec-
tions are presented in section [[V] and direct comparisons
with QFT are made for Bhabha and Compton cross sec-
tions. In section[V] we explore the physics of mass acqui-
sition in terms of coalescence and worldline parametriza-
tion, given their importance for calculating massive am-
plitudes and cross sections. Finally, section [VI pursues a
more fundamental picture by subsuming the spinor helic-
ity formalism within twistor theory, whose program also
aims to derive representations for particles of any mass
and spin—as well as the spacetime they occupy—from a
more primitive object.

II. MASSIVE HELICITY SPINORS

We begin by reviewing how massive particles are rep-
resented by spinor helicity variables. The notation and
conventions are those found in the textbook by Elvang &
Huang [I2] and the groundbreaking approach for massive
helicity spinors by Arkani-Hamed, Huang, and Huang [I].
A student-friendly introduction to the spinor helicity for-
malism appears in the textbook by Schwartz [I3] and in
the TASI conference proceedings by Dixon [14].

A. Bi-spinor representations with positive energy

The on-shell program aims to construct amplitudes
exclusively from the asymptotic state of each external
particle |p, o) with 4-momentum p* and spin state o.
The spinor helicity formalism leverages the fact that
4-momenta transform according to the Lorentz group
SO(1, 3) which can be decomposed into two subalgebras
representing the commuting generators of 3D rotations
J* and J~. Therefore, s0(1,3) = su(2) @ su(2), and
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p* has a bi-spinor representation of the Lorentz group
(%, 0) &) (0, %) given by the diNrect sum of left- and right-
handed helicity spinors A and A, respectively. The spinors
both transform under the particle’s little group and must
do so inversely with respect to the other so to ensure
the overall invariance of p*. Hence, the Lorentz index
u is replaced by a pair of spinorial indices o and &,
which identify the elements of the 2 x 2 Pauli matrices
o, = (1 &) that provide passage between representa-
tions: p®% = oﬁ‘dp“ or alternatively pso = %,p, with
ol = (1, =3).

To see energy positivity between representations, first
consider the equivalence between A\ and o,p*. Following
Schwartz [13], massless particles with little group U(1)
are represented by Weyl spinors A* and A% with complex-
valued weight z
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Note the spinorial outer product A*X% and the Lorentz
contraction op;*pt both yield
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Writing our spinors in column form with conventions
MN=X=(¢)and \| = g = ( ), we move from p** =

A2NE to Poa = Ao by lowering indices via contraction
with the Levi-Civita symbol eas = ¢35 = (73'). In
fact, all invariants are obtained by the Levi-Civita sym-
bol contractions because all SU(2) irreducible represen-
tations can be constructed from symmetric tensors with
lower indices [I5]. Proceeding accordingly, we find the
representation pso = AJ{A by outer product AaAq Or by
Lorentz contraction &%, p, to be

Po+P3 Dp1—1p2
= . 3
Paa = <P1 +ip2 po — p3> ®)

Note that the matrices of egs. and are singular
and, thus, represent massless particles p° = m? = 0.
However, they are not quite negatives of each other be-
cause the energy py does not pick up a minus sign. On
the other hand, calculating ps using Lorentz index gym-
nastics

QY __oce

= p,u(gl“j(?udoz) - p/t( g o, ) = 7poai7

(4)

i
Paa = Pu0gq
as well as those for spinor indices

Paa = (_]1 ‘52) Psg = _Eaﬁgaﬁp,éﬁ = —p** (5)
both imply that pg does pick up a minus sign. The energy
must remain positive, of course, so it is understood that it
is remapped E = py — —pg during the index gymnastics
of egs. and . See section [A|for more examples with
detailed notation and conventions.

B. Little group bases

Let us turn our attention to on-shell massive particles
of spin s with energy E? = p? + m? in natural units
(¢ = 1). The little group is now SU(2), so a (2s + 1)-
dimensional irreducible representation as a tensor with 2s
symmetric little group indices (I - - - Is) is guaranteed.

The simplest non-trivial case is massive spin %, which
requires only one SU(2) index. Following [I], the massive
helicity spinors are written as

A) =\ = )\Q(I_ + T]O‘C;_,
Al = Aar = Aa(f + al; - (6)

Writing the energy—momentum relation in factored form

=+vFE +p./E — p., both the energy and the spin in
the arbitrary frame p* can be encoded as Weyl spinors

= \/E+po+a UQE%\/ ¢ (7
a—\/>\/E+poa7 ﬁdE%VE_ng(—jt' (8)

In the high-energy limit, when p, — FE, we see that A
and \ grow into the ultrav1olent as \/ﬁ while n and 7
vanish into the infrared. This factorization will feature
prominently and is crucial for the coalescence of massive
particle representations.

In addition to the usual left- and right-handed spinor
bases {¢*, ¢~} and {(;,(F}, we now also require a
little group basis {(;,¢(;} so that A¢ and Aar inherit
the properties of A%* and A¢ but with non-zero mass.
In frame p*, recall that (*® = (§) and (7> = (")

0 0

have been rotated by ¢ = cosg and s = el? sin 5, and

the right basis is identified W1th the conjugate of the left
basis C; = (CT2)" = (&) and &F = (C0)° = (). A
third independent basis for the little group can be defined
without loss of generality as co-spinors of {¢*%,(~%} in
the reference frame where § = ¢ = O:

Ca=cas¢ P =(=s ) = ¢ =(01), (9
¢, =capl P = (—¢ —s*) — ¢ =(-10). (10

All three bases describe their respective spinorial spaces
on the same footing. They all have the same orthonor-
mality conditions ((*¢F) = £1 and ((*¢*) = 0. For
example, (¢~ = (¢ =(¢C*¢)=1and {I(% =
(¢ré) =1

Massive particles of general spin s are represented as
a [3%]-tensor, constructed as the product of 2s copies of
A% and A} in total. We could express this as

25 — y« [e %%
N = NN (11)

where symmetrized indices (enclosed in round brackets)
run through all copies of A and A. Thankfully, the heavily
indexed notation on the right hand side is unnecessary



in practice because no ambiguity remains provided that
each massive spin s particle appears in each term of the
amplitude exactly 2s times. How these spinors are con-
tracted will depend on the asymptotic state of the exter-
nal particles. We shall focus on the spin % processes, but
many higher spin amplitudes appear in the literature.
The bi-spinor momentum of the massive particle is

P = XA =AY

Paa = AJ(A = AarAl (12)

for any index I € {I,...,Iss}. Note, the momentum
and spinor helicity variables corresponding to massive
particles will always appear in boldface to distinguish
them from massless particles. Like o and &, the lit-
tle group indices are raised/lowered by the Levi-Civita
symbol e7; = ('), and the corresponding matrices
must now be full-rank to span the entire symmetry group
SU(2) ® SU(2) = SL(2,C), the universal cover of the
proper Lorentz group SO(1,3), such that p* = p,p" =
—%padpda = m?2. Let us now check that this require-
ment holds. Since p*Paa = A)[A - AJ(A = (AX)[AN],
expand the angle brackets using the little group basis

DN = (AT m et (NG +ma)
= MG G+ O T+ N ¢ ¢t
= (An) — (nA) =2(An).

Applying the definitions in egs. and yield

(). ()

= VPR ()

=V2m. (13)
Similarly, for the square brackets, we obtain
PN = (T ¢ - (NG +l¢r)
= VPR ()
= —V2m, (14)

showing indeed that p*“psa = —2m?2.

We shall soon generalize the kinematics to complex-
valued momentum, where the little group weight z is
no longer restricted to a pure phase €' and where the
universal cover becomes the product group SL(2,C), ®
SL(2,C) . Formulating helicity spinors for complex mo-
menta has remarkable consequences for our work ahead:
i) scattering amplitudes become analytic (holomorphic)
functions whose structure can be studied using the pow-
erful results of residue theory, ii) the three-point scatter-
ing amplitude no longer vanishes and can thus serve as
the fundamental building block for all amplitudes, and
iil) the bi-spinor representation of particles, their inter-
actions, and even spacetime itself can all be encoded onto
the projective geometry of twistor theory.

C. Projective geometry of massive helicity spinors

Before moving on to dynamics, we conclude this sec-
tion by showing how helicity spinors encode mass and
spin. Let us then try to see why their distinct properties
might confer a simpler reformulation of scattering theory.

From the get-go, helicity spinors transform correctly
under the little group and thus possess the right structure
and degrees of freedom to represent particles. The com-
plex number z encodes little group transformations and
appropriately cancels itself out in the bi-spinor represen-
tation of momentum in egs. and . Thus, when con-
structed from helicity spinors, scattering amplitudes are
Lorentz invariant objects upon arrival, as they should be.
This is, of course, not the case in QFT. Amplitudes writ-
ten in terms of 4-momenta require the so-called polariza-
tion “vectors” (though they are not Lorentz covariant!)
to introduce redundancies between vector components in
order to eliminate the superfluous degrees of freedom of
the vector and tensor fields. Unavoidable in field theory,
this artifice is responsible for the familiar complications
of having to sum terms obtained from all possible Feyn-
man diagrams. Cross sections lead to further overhead
when expanding the square of the magnitude of this sum.

The spinor helicity story is consistent for particles
of any mass and spin. Mass acquisition categorically
changes particle kinematics by providing additional spin
degrees of freedom and by peeling the worldline off of
the lightcone surface and into its timelike interior. For
massive spin %, both changes can be understood as con-
sequences of eq. (@, which shows how a massive spinor
can be represented as a linear combination of massless
ones. There is no difference for general spin s. The mas-
sive spinor will appear in each term of the amplitude 2s
times to represent a completely symmetric SU(2) tensor
with 2s little group indices, as in eq. .

Lastly, new insights into the fundamental laws of scat-
tering and spacetime may follow from a spinor-helicity
reformulation of particle interactions. The complex
bispinors of egs. (2)) and (3) have a split-signature (2, 2),
e.g., det pao = pg — p3 + p3 — p3, and their bi-spinor rep-
resentation transforms under SL(2,C), ® SL(2,C)5 as
P — L%/\ﬁ P Rg In contrast to the Lorentz signature
(1,3) with 4-vectors p* transforming under SO(1, 3), this
splits the particle representation into two factors A%,
and each helicity spinor can thus be thought of as a kind
of square root of p#. That the twistors of Penrose [16]
have similar split-signatures, transformations, and geo-
metric properties [I7], is what leads us in section to
explore the possibility of subsuming helicity spinors into
twistor theory, where spacetime can also emerge from
null, lightlike, and timelike twistors in an abstract pro-
jective geometry. For now, we shall merely keep the
above perspective in mind as we re-examine the analyti-
cal structure of scattering amplitudes and cross sections
next.



III. SCATTERING AMPLITUDES

With the kinematic structure of the spinor helicity
variables in place, we now turn to dynamics. Since
bispinor momenta in egs. , and are always
constrained by the energy-momentum relation, on-shell
diagrams become the natural choice for encoding scat-
tering amplitudes written in this formalism. The trans-
formation properties, singularity structure, and crossing
symmetries of the simplest on-shell subdiagrams will be
examined to develop the analytical tools needed for our
work ahead. To demonstrate and validate the formalism,
we end by deriving amplitudes for Bhabha annihilation
and Compton scattering, both elementary and ubiquitous
in nature.

A. On-shell diagrams are multi-channel amplitudes

Formulating scattering amplitudes using helicity
spinors in a complexified spacetime eliminates the need
for virtual particles, since the fundamental three-particle
interactions underlying all scattering processes do not
generically vanish for complex momenta. The bene-
fits that follow from this first change are remarkable.

J

The three-particle interaction, or coupling for brevity, is
fully constrained by Poincaré symmetry; it is the non-
perturbative object containing everything we need to
know about the particles and how they interact. And
so, constructing an on-shell diagram by gluing together
couplings, first, implies that all internal lines are on-shell
and, second, that the resulting amplitude is guaranteed
to be a unitary and well-defined analytic function of the
asymptotic particle states.

For a unitary theory, the spectral decomposition of
quantum fields guarantees that each pole of the S-matrix
corresponds to a particular internal line going on shell.
All internal lines in the spinor helicity formalism are
on-shell; therefore, a tree-like on-shell diagram is sin-
gular and fully constrained by momentum- and energy-
conservation. In other words, a tree-like on-shell dia-
gram represents a factorization channel, not an ampli-
tude. The on-shell diagram corresponding to a scatter-
ing amplitude, i.e., to the analytic function of generic
asymptotic particle states, requires at least one degree of
freedom, which can be conferred by adding an internal
bridge to any of the tree-like factorization channel dia-
grams. In this way, the Feynman diagrams for the usual
s, t, and u channels are simultaneously embedded into
a single on-shell diagram representing the entire scatter-
ing process [I8]. To illustrate this, consider Compton
scattering e~y — ye ™.

21 3+l
P2 ‘IJJJI;
b2 P3
+ — (15)
D1 2 b1 D4
12 4'/2

The left-hand side shows the two Feynman diagrams,
representing the s and u channels that prescribe how to
formulate the amplitude in QFT. On the right-hand side
is the equivalent on-shell diagram drawn with thicker
lines and colored vertices to distinguish it from Feyn-
man diagrams. Perhaps the most important difference
between these formalisms is a moral one. This single
on-shell diagram represents the entirety of the scatter-
ing process at leading order or “tree level.” Indeed, the
amplitude derived from the on-shell diagram is a mono-
lithic and physical object possessing the correct transfor-
mation properties and nothing else. In contrast, while
the terms coming from individual Feynman diagrams do
yield the correct amplitude as a sum, they are unfor-
tunately meaningless on their own due to their lack of
gauge invariance. A secondary difference is that the on-
shell diagram looks more loop-like than tree-like, a con-
sequence of the bridge that forms the internal square in

(

the diagram. The bridge introduces the needed degrees of
freedom that turn the internal (on-shell) lines into vari-
ables, of course, still constrained by the external states or
“scattering data.” The couplings of the amplitude must
have opposing helicity, and this information is provided
by the diagram’s colored vertices. White corresponds to
a mostly positive helicity coupling where all A variables
are parallel, and black corresponds to a mostly negative
helicity one with parallel A variables. Inspection of the di-
agram reveals the embedded factorization channels. For
example, we obtain the s channel diagram by letting the
internal line through the bottom edge of the box vanish,
thus also eliminating two lower vertices. The left and
right edges of the box become lines 1 and 4, respectively.
The w channel diagram is harder to see. Let the right
edge of the box vanish and thus also the two right-side
vertices. The bottom (massless) edge of the box takes
up the role of line 3, while the top (massive) edge of the



box becomes line 4. (To recover the typical u channel dia-
gram shape, imagine dragging the remaining black vertex
downward to be horizontal with the remaining white ver-
tex and adjust the new external legs.) An equivalent u
channel can be obtained by instead deleting the left edge
of the box. There are no other valid factorizations. If
we try to delete the top edge of the box, then we cannot
recover the two external photons; therefore, this diagram
is excluded. Finally, note that the external particles of
the on-shell diagram are not labeled by their momentum
but rather by their mass and spin. Massive particles ap-
pear in boldface with a superscript indicating their spin,
while massless ones appear in regular type with a helicity
superscript. For example, 1'/2 is a massive spin % parti-
cle, and 27! is a massless spin 1 particle with negative
helicity.

Unitary demands the consistent factorization of scat-
tering amplitudes written as analytic functions of on-shell
particles. The above point makes no distinction about
mass and thus applies to all particles. Finding a gener-
alization of the BCFW recursion algorithm [19] to effi-
ciently calculate amplitudes for all masses and spins is
an active area research [20] [2I]. Nevertheless, the ana-
lytic structure of the amplitude, especially its residues,
will depend on the particle spectrum in interesting ways,
as we shall see next.

B. Amplitude transformation and factorization

Scattering amplitudes M = (f|M]i) are Lorentz in-
variant objects that transform under the little group.
With Feynman rules, this property is hidden behind the
contraction of each quantum field and its polarization
vector, e.g., e A,,. In contrast, when constructing ampli-
tudes with helicity spinors, the little group is made man-
ifest by the presence of little group indices I for massive
particles and helicity indices h for massless ones.

In the massless case, the little group is GL(1) and is
represented by the complex weight z in eq. , since
rescalings A% — zA“ and A% — 271\ Jeave the momen-
tum A®A% unchanged. As mentioned above, Poincaré
symmetry fully determines the massless coupling, and
thus any massless scattering amplitude can be con-
structed by gluing together couplings. Whatever the am-
plitude, it must scale by W" = 272" under a little group
transformation of each external particle with helicity A
[12]. Famously, the Parke—Taylor formula

(k)"

M(1+2+-~-j_-"k_"'n+):m

(16)

owes its elegance to this fact, which is clearly seen by
counting the powers of any of the n gluons [I3]. The
negative helicity momenta j and k each have power 2,
while the remaining postivity helicity momenta each have
power —2. Therefore, any scattering amplitude involving
a massless external particle with momentum A*A® and

helicity h transforms under that particle’s little group as
MOAXAY) — 27 2P MY, D). (17)

In the massive case, the little group is SU(2), and an
irreducible representation for spin s can always be con-
structed as a tensor W (1 12:) with totally symmetric
indices. Therefore, any amplitude involving a massive
external particle of momentum A*A% and spin s trans-
forms under that particle’s little group as

MOAX A — W L) A2 NS), (18)

We pause to note the simplicity that W1 12:) offers
compared to the standard notation in quantum mechan-
ics [22]. The above suggests that there is no need to
choose an arbitrary axis z and diagonalize the spin angu-
lar momentum S, to form the complete set of commut-
ing observables S? |s,m) = s(s+1) |s,m) and S, |s,m) =
m|s, m). Instead, the electron’s spin state can be simply
described by a tensor W/ without indicating a privileged
direction. For example, the quantum electrodynam-
ics (QED) coupling in the on-shell diagram of eq.
is M’} ;- This coupling is manifestly Lorentz-invariant
and transforms most generally under the little group as
M(p1,p2,p3) — 22" Wi W1 M(p1, pa, ps)-

With this notation in place, we see how unitarity guar-
antees that a four-particle amplitude must factorize into
two couplings, usually denoted by left £ and right R,
along a massive internal line by Levi-Civita contraction

h _JK —h
Li;e”" Ryp,
§—m?

M —

[massive internal line] (19)

or along a massless line by summing over the internal
helicity states

[massless internal line] (20)

+h g

with £ representing the pole where M (&) becomes singu-
lar with residue

R¢ = Res(M,m?) = 5E}m2 (& = m?) M(&)

()
S Lhy R form =0.
(21)

for m > 0,

The cluster decomposition principle requires that all pos-
sible factorizations occur in this way [23].

C. Analytical structure of couplings

Let us now calculate amplitudes by factorizing them
along internal lines according to eqs. and (20). The
massless coupling is singular, and the residue for one fac-
torization channel will have a pole from another channel



[24]. Tts amplitude is a non-perturbative quantity, com-
pletely fixed by helicity constraints

g<12>h3—h1—h2 <23>h1—h2—h3 <31>h2—h3—h1
g [12]h1+h27h3 [23]h2+h37h1 [31]h3+h1*h2

(22)
with dimensionless coupling constants g and g and where
the case with angle/square brackets applies when the sign
of hy + ho + h3 is negative/positive. Referring back to
eq. , black vertices correspond to the coupling with
mostly negative helicity in terms of angle brackets (-) and
white vertices to the mostly positive helicity coupling in
terms of square brackets []. To see the singularity struc-
ture of a massless scattering amplitude, let us calculate
the s-channel residue of the massless spin 1 amplitude
1727374% according to eq. . We obtain

MPah2hs — {

v [ 0 (P
=R = (g<12><2p>> (g[34][P3}>

_ap?paP (13)% 24
T B eP P YT w (23)

where we used P* = p!' + ph = p§ + p// in the last step.
We find that the residue of the s-channel itself has a
u-channel pole. Therefore, the amplitude factorized in
this way has in fact two poles: su. This is a violation
of the cluster decomposition principle, which guarantees
that a local theory cannot have more than a single pole
or branch cut. Although spinor helicity amplitudes are
manifestly unitary, we see that they cannot always be
formulated in a local way. This is the first of multi-
ple indications that the spinor helicity formalism exposes
a fundamental tension between quantum mechanics and
spacetime. The u-channel pole arises because the mass-
less couplings £~ and RT~T are themselves singular
when either of the brackets in the denominator vanish.
Indeed, any scattering amplitude that can be factorized
with a massless coupling will be non-local.

Despite its singularity structure, the massless coupling
is remarkably simple. Recall section [[TC} where we noted
that complex momenta transform covariantly under the
product group SL(2,C), ® SL(2,C)p, with a left sub-
group £ spanned by an undotted basis {\,} and a right
subgroup R spanned by a dotted basis {5\(1} Yet eq.
prescribes a single tensor structure for massless couplings
that always transforms either entirely within the £ sub-
group if > . h; < 0 or entirely within the R subgroup
if 37, h; > 0. Massive couplings, on the other hand,
are more complicated because they generically transform
in both £ and R, and they always do so with multi-
ple independent tensor structures. This will constrain
the structure of the massive couplings and the configu-
ration of scattering amplitudes constructed from them.
In contrast to QFT, we can appreciate that the spinor
helicity formalism becomes simpler at higher energies.
When taken to high energy, a massive scattering am-
plitude breaks up into a simpler massless amplitude for

each admissible spin configuration of the external parti-
cles’ spin and helicity values. Coalescence is the reverse
of this process, where ultrarelativistic configurations to
form a single massive amplitude at low energies.

Now we shall see that massive couplings are also sin-
gular in certain cases when couplings consist of two mas-
sive particles, each with a set of little group indices
{I,...,Iss}, and one massless particle with helicity vari-
able h. Importantly, QED is one such case with s = %
The issue is more delicate than the all-massless case.
There is no analogue of eq. because helicity is not
conserved for massive particles. Taking a constructive
approach, we expose the crux of the matter—a degener-
acy in spanning the Lorentz cover SL(2, C)—by express-
ing any massive amplitude as a contraction of tensors:
one transforming under the little group and the other
transforming explicitly under the Lorentz group. For ex-
ample, the QED coupling, having little group indices [
and J, and helicity h, can be written as the contraction

1

Mi; = Tom f N, Mg, (24)
with the v/2m appearing for dimensional consistency ac-
cording to egs. and . We identify the first
piece Wi = A% A5, as a natural choice for a rank-2
tensor transforming under the SU(2) little group of the
massive helicity spinors. The remaining piece Méjﬁ is
the coupling with little group indices stripped off, thus
transforming only under the Lorentz group with indices
«a and B. We can construct Mgﬁ using two distinct
tensors (- )ap because irreducible representations of the
Lorentz group are determined by the direct sum of alge-
bras s0(1,3) = su(2) @ su(2) for half-integer spins s; and
s2, and there are exactly N = s1 + 5o —|s1 — $2| + 1 such
representations [I3]. For example, QED has s; = s3 = %
and thus N = 2 distinct couplings: a minimal one repre-
senting momentum and helicity constraints, and an aux-
iliary one between the electron’s magnetic dipole and the
electromagnetic field, as we shall see.

The aforementioned degeneracy of M/, in spanning
SL(2,C) occurs when the two massive particles have
equal mass. This is clearly a prevalent issue, since fun-
damental interactions involving elementary particles are
precisely of this nature. Let us find two basis spinors u,
and v, to construct M gﬂ. We can simply use the helicity
spinor from the massless particle to define u, = Azo =
(3. The second basis spinor will require the massive par-
ticles. Simply choosing p/', for now, we can write

Vo = L“’“p o = L[31]<1 (25)
a = \/ﬁm 3 Plaa \/Em .
These basis spinors point in distinct directions provided
that

vau®

1
= 5 B103) (26)

does not vanish. In the case of equal masses m; = ms,
conservation of momentum p{' + p = p4 implies that



2p; - p3 = (13)[31] = mg — my = 0. Therefore, the
basis {u, v} is degenerate for equal masses and no longer
spans SL(2, C). This difficulty is an indication that some-
thing interesting is happening. A crucial observation by
Arkani-Hamed et al. is that w, and v, are parallel in
Lorentz space but not in little group space [I]. Accord-
ing to eq. , u scales under the little group as A3 — z A3,
while v scales as A3 — %5\3. Therefore, we introduce the
proportionality factor x, such that

Vo = TUq- (27)
Notice that z must scale like A under the little group as
T — ix for consistency

1/1 1 1
Vo = Uy — — | =2 | (2Uq) = —ZUq = —Vq.  (28)
z \z z z
Bringing everything together, the general stripped am-
plitude M?a}{ﬁ} with indices {a} = aq,...,as and
{B} = B1,...,Bs, can be constructed as the sum of N
distinct tensors

s1+82
M{hoz}{ﬁ} = Z 9(\/§m)51+82—ixh+i (u2i551+52_i

’i:lsl—SQ‘

){a}{ﬁ}

(29)
where the z factor carries photon helicity h and all pos-
sible combinations of uq, v, and e,3 provide exactly
281 + 2so Lorentz indices. The x factor clearly plays a
central role in this generative formula for interactions in-
volving massive particles. In addition to its little-group
scaling and its helicity weight, the x factor is singular.
This can be seen by contracting v, = zu, in eq. with
a generic reference spinor x“ and then letting x* — A§:

Vax” 1 [B1{1x) 1 Blpix)

wox® Vom0 vam G o Y

Similar to the case for all-massless couplings in eq. ,
we see that the factorization residue for massive couplings
also possess an additional pole, thus revealing its non-
local nature. Finally, note that our choice of basis spinor
Vo in eq. (25) could have been written instead with po.
Therefore, we need both momenta to avoid the trivial
result of forward scattering, where p} = p4. Defining
vq as the average of incoming and outgoing momenta
3 (P1aa + PSY) or via eq. as 2 (Praa — P2aa) leads to
the formal definition of the x factor

_ L (i, (el
2v2m \ (3x) (¢3)
1 [3 -

_ 311 —p2)|x) (31)

2v2m (3x)
In the last equality, we put ¢ = x for simplicity. The mi-
nus sign between the momenta of the fermions is crucial
for spin statistics under 1 <+ 2 particle exchange. The z
factor will feature prominently in our work to study the
singularities of amplitudes with massive particles.

xr =

T

Returning to eq. 7 note that the first term in the se-
ries is the minimal coupling with the lowest-dimensional
operator (-)q3{s} constructed from the smallest possi-
ble number of basis spinors. In the case of equal spin
$1 = S92, the minimal coupling operator consists of s; + s
copies of the Levi—Civita symbol and is devoid of basis
spinors. The remaining terms are the auxiliary couplings
with high-dimensional operators and thus coupling con-
stants with mass dimension g; = g (v2m)™*. The aux-
iliary couplings represent multipole moment interactions
with copies of the basis spinors. For example, consider
the QED interaction of electron lines 1 and 2 and a pho-
ton line 3 with positive helicity h = +1. Using eq. ,
the stripped amplitude is

M(jﬁl = g\V2ma (eag + ﬁ (uu)a6> . (32)

This formula prescribes how the external lines must con-
tract in the minimal and auxiliary couplings. Notice that
the x factor in the minimal coupling xe,s provides the
correct h = +1 weight for the positive helicity photon.
Dressing the stripped amplitude with the massive exter-
nal lines, according to eq. , yields the full amplitude

Mi;=g (x (12) + x2<1\3/>§i2>> .

We see that the minimal coupling simply contracts the
external electron lines using the Levi-Civita symbol €43,
while the auxiliary coupling represents the interaction
between the electron magnetic dipole moment (lines 1
and 2) and electromagnetic field (line 3). Indeed, the
spinor matrix (uu).s corresponds to the familiar addi-
tional term §F,, 0" appearing in Dirac’s equations of
motion when an electron is coupled to a photon [13], as

_€_

(33)

well as to the Bohr magneton term 57~ B - appearing in
the non-relativistic Schrédinger—Pauli equation [25].
Our final point about the analytical structure of mas-
sive couplings has to do with their representation in the
complexified momentum space SL(2,C), ® SL(2,C).
Note that the calculations in this section could have been
performed using a right-handed basis with dotted Lorentz
indices {74, U4} instead of the undotted basis. The pro-
cedure is parallel to that above, where we first define
right-handed basis spinors @ = A3s and 94 analogously
to eq. with the difference being that the x factor
must be negated and inverted in order to provide the cor-
rect little-group weight, a consequence of the conjugation
rules that we shall explore in the next section. Therefore,
instead of eq. 7 we would have v = —%ﬂd and would
arrive at an expansion of N coupling terms analogous to
those in eq. but now using A. Indeed, we now see
that massive couplings do generically transform in both
L and R subgroups. However, these expansions must be
redundant, since there can only be N independent ten-
sor structures, not 2N, determined entirely by the spin
of the massive particles s; and sy as discussed in the
paragraph following eq. . Indeed, we will show in the



next section that these expansions are not independent
but rather conjugates of each other.

As it often turns out in physics, one of the bases will
be more practical than the others for solving a given
problem. Although we can make this determination by
appealing to prior knowledge about the QED coupling
[1L 6, 13}, [26], we shall approach this here by examining
how these couplings coalesce from the high-energy limit
(HE). Consider the coupling for a positive helicity photon
given by eq. (33). In the dotted basis, we have

[13][32] )
Voma )

Although the minimal coupling —gz [12] seems fine, it

ME=—wQuw- (34)

2'/2
§[31]2
1'/2 = ga(12) 75 {7 %
9m2]
3+1
2'/2
_ g<23>2
12 = Ipg BB )7 02
T g<31>
(12)
3—1

Therefore, gz (12) is the natural choice for the minimal
coupling with a positive helicity photon and —gz [12] is
natural for the negative helicity photon. A similar argu-
ment can be made for the auxiliary couplings. We write
the full QED couplings, manifestly transforming in both
L and R subgroups each with exactly NV = 2 independent
terms as follows:

M} = g (12) + g2 02
Mij = -2z +g[1\3}2§12] (37)

These couplings are the building blocks for scattering am-
plitudes. To calculate cross sections, we require their con-
jugation and crossing symmetry relations, derived next.

D. Conjugation and crossing symmetry

Scattering amplitudes constructed by gluing the spinor
helicity couplings shown above will possess many of the
same properties as those derived using QFT. We can
still interpret M as an S-matrix element (f|M]i) whose

for

for

for

for

actually coalesces from a negative helicity photon, while
gz (12) coalesces from a positive helicity one. To see this,
note that the electrons in either coupling must have op-
posite spin, as one enters the vertex and the other exits,
so that angular momentum is conserved. Then in the
high-energy limit, either coupling M”?; has exactly two

spin configurations (1'/2, 2'/2 3") HE (1F2) 2%/ 3,

The positive helicity coupling M}“} at high energy thus
satisfies the mostly positive helicity case of the massless
coupling in eq. , and M;} satisfies the mostly nega-
tive helicity case. Averaging over both configurations for
each coupling yields their high-energy limits:

(1+1/2 2742 3+1) _[13)* + [23]? (35)
(1,1/2’ 2+1/27 3+1) 2 [12] ’
(172,272 371 13)? + (23)

(1_1/27 2+1/27 3_1)

(

asymptotic states |p,,o,) are encoded by the external
helicity spinors with little group indices I, and helici-
ties h,. It is unitary because M is factorizable, its poles
correspond to on-shell particles, and the bi-spinor rep-
resentation of the phase space SL(2,C), ® SL(2,C), is
complete. It is manifestly Lorentz invariant, since the
Lorentz indices a, &, 3, 3,... do not appear in the full
couplings presented in section [[ITCland, thus, cannot ap-
pear in any scattering amplitude constructed from them.

On the other hand, we have seen important differences
with QFT. The spinor helicity formalism is a particle the-
ory not a field theory, and its phase space is the complex-
valued bi-spinor representation of momentum, not the
real-valued 4-vector representation. Consequently, La-
grangian densities, virtual particles, and gauge redun-
dancies associated with 4-vector particle embedding are
absent. In a unitary and Lorentz-invariant field the-
ory, the CPT theorem guarantees the invariance of La-
grangian density terms. Furthermore, it implies that the
scattering amplitude for any given process is the same as
that for its inverse process, where particles are replaced
with antiparticles with reversed spin [23]. Despite the ab-
sent field theory, we shall expect our unitary and Lorentz-
invariant spinor helicity amplitudes to inherit CPT in-



variance. In deriving the conjugation rules for helicity
spinors below, it will be necessary to combine the Her-
mitian adjoint (-)' and the crossing relation p* — —p*
in order to produce the net action of sending particles
to antiparticles with spin (or helicity) and handedness
reversed. These rules are succinctly referred to in the lit-
erature as crossing symmetry [12), [14], where all particles
are taken to be incoming, and thus all outgoing particles
are assigned the negative of their physical 4-momentum.
Here, we shall continue using physical momenta (and
watching our signs) in order to better appreciate how
crossing symmetry works and also to compare our am-
plitudes and cross sections with standard results in the
literature. The cross section |M|? = MTM requires the
Hermitian adjoint. This usually involves the replacement
of kets |¢) by bras (¢| and vice versa [25], but our bi-
spinor representation has two ket types: a left-handed
A) and a right-handed A]. How should we proceed?
Recall that Dirac 4-spinor fields ¢(x) transform in the
reducible (%,O) &) (O, %) representation of SL(2,C). In
that case, the appropriate conjugation 9 (z) = 1 (z)T°
swaps the left- and right-handed components to account
for the anti-Hermitian boost generators of the Lorentz
group. Thus, Dirac conjugation replaces an incoming
left-handed fermion (z) by an outgoing right-handed
one () with momentum and spin unchanged [13].
Proceeding accordingly for a massless helicity spinor,
we might simply expect that A) = [\ and similarly that
Al = (A, so handedness changes but momentum does not

Y

N =

N

= M[\. (38)

This is indeed the adjoint operation on helicity (Weyl)
spinors seen in the literature, which we shall refer to as
Weyl conjugation. Note that we can move from A)
¢t to [A o (~% using Hermitian conjugation and the
¢ symbol (see basis spinors in section . However, an
overall minus sign reverses the 4-momentum, but this
can be prevented with the crossing relation p* — —p*,
yielding the correct result

— 1
A) = = 75 7E7pz5aB(C+B)T

v—F —p, (—5* c)
VE+p.(s* —¢)
412 V E+p. Eid

&=\, (39)
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Thus, Weyl conjugation reverses the spin by swapping
the basis-spinor sign and the handedness by toggling the
tilde/dot notation: (*® < (T%. The little group ba-
sis {(Ii} has the same transformation properties as the
spinor bases {¢*®} and {5 +61  which means that Weyl
conjugation reverses spin and raises/lowers the index:

9

Cli < (F!. Taken together, we obtain the conjugation
rules for massive helicity spinors

A=A =NG+nG =N+ =3 =[x,
(40)
AN =Xar= NG+ =0T+ =L =(x.
(41)

These rules are a straightforward generalization of the
massless ones in eq. (39). Indeed, the momentum for
massive particles is unchanged under conjugation, and
we can now appreciate how the adjoint of (12)[34] will
take the simple and suggestive form (12)[34] = (43)[21],
where the particles have reversed roles in the scattering
process.

The last ingredient of M to conjugate is the = factor.
We can proceed by rearranging eq. (30))

LB gy = Blpil0, (42)

T Vem (3Y)

and conjugating both sides of the equation to find

Vam (3y) z = Blpil x)
= V2m[x3]7 = [x|p1]3)

1 3
g [x |p1]3)

T V2m 3]

This last quantity can be directly related to x by expand-
ing the spinors and multiplying numerator and denomi-
nator by —V2m

(43)

_ 1 X%Praar | —V2mpraa)s
T= S oo = =
V2m X4 Asg —2m* Ag4
E S O
P1" Asa Xa PT*Asa
3) (3x) 1
= —\/§m<X7 =—V2m—" =2 (44
(xp1/3] Blpilx) = y

We see that the right-handed basis {4, 04} discussed in
the paragraph following eq. of section is simply
the adjoint of the left-handed basis, where v, = Tu, =
Vg = f%ﬂd. With everything now in place, let us draw
the on-shell diagrams for Bhabha annihilation and Comp-
ton scattering and construct their amplitudes by gluing
together couplings, subject to momentum conservation
and helicity constraints.

E. Bhabha and Compton amplitudes

Our work ahead will focus on Bhabha annihilation and
Compton scattering. These processes provide a natural
starting point as they are relatively simple yet embody
the most prevalent motifs encountered in particle physics.
We calculate their minimal coupling amplitudes in QED
here using the spinor helicity formalism.



We begin with Bhabha annihilation e”e™ — putu™.
This is the simplest scattering process in QED at leading
order. Ironically, already at 1-loop in QFT, this partic-
ular amplitude reveals an important theoretical issue in
particle physics, that of infrared divergences. (More will

J

D2 p3

P1 D4

The on-shell diagram looks similar to Compton scat-
tering in eq. , except that its lines 2 and 3 are now
fermions (a positron and an anti-muon, respectively) and
that the top edge of the box is now a photon. Yet, these
differences completely change the behavior of the pro-
cess. Like the Feynman diagram, we see a continuous
fermionic path between lines 1 to 2 as well as between
lines 3 to 4, with both paths exchanging force carriers.
Indeed, there are only two consistent factorizations here:
those obtained by the deletion of either the top or bottom
edges in the box, where a single photon line is exchanged.
Note that the two other factorizations arising from the
deletion of the left or right edges of the box must vanish
because they allow two massless lines to escape, in con-
flict with the external all-massive data. The only differ-
ence between the two valid factorizations is the internal
photon’s helicity. Summing over both cases according to
eq. thus yields the amplitude

h —h
M(1,2,3,4)= > iy Ricy
h=%+1 5
_ LR L Ria )
S

The minimal couplings in eq. provide the leading
order contribution

M(1,2,3,4) = <gx12 (12) > % < g [34] >

4 ( — g%z [12] ) % <9x34 <34>>

_ 99 (f”l? (12)[34] + 23 <34>[12])

S \ T34 T12
262 (1‘12 T34 )
= — | — (12)[34] + — (34)[12
= (22 (12)(34 + 2 (3412
(47)
after setting the coupling constants to ¢ = —v/2e and

g = —g for QED. This expression is the scattering ampli-
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follow on this in section ) For now, at leading order,
the only Feynman diagram is the s channel, where a pho-
ton is exchanged. Therefore, the on-shell diagram should

only factorize along a massless internal line. Consider
the corresponding diagrams shown below.
2'/2 3'/2
(45)
1'/2 4'/2

(

tude for all possible asymptotic states of the four spin-
% particles. Let us pause to examine some remarkable
features. First, its manifest symmetry, with one term
being the conjugate of the other, justify the simplicity
of this scattering process and its corresponding diagram.
Nevertheless, the term (12)[34] is not too simple, as it
prescribes how all the Lorentz and little group indices of
these massive helicity spinors are being contracted. Thus
are encoded the rich dynamics of the interaction. For ex-
ample, only four of the 2* distinct spin configurations
conserve angular momentum; the rest are inadmissible
and must have vanishing amplitudes. The four configura-
tions are those where the two external lines on both sides
have opposite spin. In that case, each bracket leads to
a generically non-zero factor like [1|5,]2) and (1 |o,| 2].
All other configurations have at least one side with equal
spins in both lines, and the amplitude vanishes due to
the appearance of at least one factor like (1]0,[2) =0
or [1|5,]2] = 0. Finally, let us examine the quotient of
x factors. We saw in section [[ILCl that = can encode the
presence of additional poles and thus indicate the non-
locality of the amplitude. For Bhabha annihilation, there
cannot be any other singularities because the incoming
electron must annihilate the incoming positron to pro-
duce an outgoing muon—antimuon pair. The amplitude
can only have one pole; therefore, the process must be
local. Using egs. , and with the internal
massless line k* playing the role of basis spinor for both
couplings, we have

1 [klpalx) 1 1 [¢lps[k)

€T = — = 5
2T Vam (kx) T34 2m  [PK]
(48)
where y and ¢ are the reference spinors. The quotient is
then

X112 1

_ (¢ |ps| B} [k 1] x)
T34 2m? [Pk](kx)
1 [¢lps-k-pilx) D1 D3

“Ta Ry eme W

where, in the last step, we lowered the k indices and




raised the p; indices to make simplifying cancellations.
But something is wrong here because the reciprocal
234/ w12 leads to the same result and thus implies p; -p3 =
+2m? = const, which contradicts the effect of scattering
angle. Indeed, by eschewing the formal x factor defined
in eq. (31), we omitted the degree of freedom between
p1 and po, namely their scattering angle! Repeating the
above calculation with the relevant scattering informa-
tion by formalizing, say, x12, leads to the slightly more
descriptive amplitude for Bhabha annihilation

M(1,2,3,4) = —éw ( (12)[34])+(34)[12] )

sm

(50)
The amplitude is manifestly local with its single pole in
the s channel. That no additional poles appear in the cal-
culation hinges on the fact that for Bhabha annihilation
both couplings share a common basis spinor. Finally,
the amplitude vanishes at forward scattering p} = ph,
when the incident particles have parallel trajectories and
annihilation does not take place.

Next, let us consider Compton scattering e™vy — ve™,
which has two Feynman diagrams corresponding to the
s and u channels shown in eq. . As above, we can
again factorize along the s channel, but this time the
internal line is the massive k*. Using eq. , at minimal
coupling we have

-1 _JKp+1
:L:LﬂS RicL

5 —m?

M(1,27,31,4)
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Unlike Bhabha annihilation, we expect another pole to
appear in the x factors of the residue. This time the ex-
ternal photon lines 2 and 3 provide distinct basis spinors
for the left and right sides, respectively. Along with the
external electron lines 1 and 4, the quotient becomes

s _ 1 [6lpa2Blpalx) 52
z2 2m? [92]3x)
Now, by choosing the reference spinor of each side to
be the basis spinor of the other side, i.e., let [x — [3
and (¢ — (2, the denominator reveals a second pole:
[32](32) = —2p2 - p3 = t. Although there is no ¢ chan-
nel for Compton scattering, we did factorize along the
s channel so that s — m? = 0, and thus s +t +u =
2m? implies t = —(u — m?). Therefore, we can write
—[32](23) = u — m?, and our residue is indeed singular
along the u channel, as expected. Further simplification
is possible by noting that conservation of momentum re-
quires that 2?21 (ij)[7k] = 0 for any null momenta %
and k. Therefore, [31](12) + [34](42) = 0, which im-
plies [3 |p1] 2) = — [3 |p4| 2) and that each side of this last
equation must also be equal to 3 [3|(p1 — p4)|2). Substi-
tuting this last expression into eq. leads to the more
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descriptive quotient

r3q 1 3](p1 — pa)| 2)° (53)
T12 8m? u—m?2 ’

which forces the amplitude to vanish at forward scatter-
ing p/' = p//, and where the u channel is made manifest.
Note that the square in the numerator acts on the entire
bracket. Combining this with eq. and writing the
internal line as k* = p{ + ph yields the amplitude at
leading order

M(1,27,37,4)

g 3|(p1 —pa)|2)°
" (s —ggm?) [ 8552@ f,zlz; (4](p1 +p2)[1]

Bl(p1 —p4)|2) [B|(p1 — pa)|2)(4|(p1 + p2)| 1]

:gg(s—mQ)(u—mg) 8m?

& Bl —pol2)
= e e ( (12)[43] + (42)[13] )
(54)

after replacing the coupling constants with g = —v/2e
and § = —g, and after simplifying the last factor using
eqs. and as well as (12)[21] = (42)[24] = 0
in the last step. Upon visual inspection, the structure
of this amplitude says a great deal about the scattering
process. The external photons appear as 2) and 3], in-
dicating that line 2 has negative helicity and line 3 has
positive helicity, as labeled in the diagram. Indeed, the
amplitude with those helicities reversed M(1,27,37,4)
looks exactly like eq. after exchanging the symbols
2 < 3. Analogously, the handedness of the scattered elec-
tron also changes from left (1 to right [4 in the first term
and vice versa in the second. Moreover, the two terms
transparently encode the factorization channels: the first
term is the s channel, coupling lines 1 with 2 and lines 3
with 4, while the second term is the u channel, coupling
lines 1 with 3 and 2 with 4.

Remarkably thus does the spinor helicity formalism al-
low us to calculate scattering amplitudes. We obtain a
single object that manifestly transforms within a repre-
sentation of the Poincaré group determined by the helic-
ity and little group indices of its asymptotic states ac-
cording to eqs. and , respectively. That its ana-
lytical structure inherently prioritizes mass and spin over
4-momentum, and that it encodes multiple factorization
channels all at once, suggests that the primacy of locality
and even spacetime ought to be re-evaluated. Lest we get
ahead of ourselves, it is appropriate to first compare these
results with their well-established QFT counterparts. We
thus turn to the task of calculating their associated cross
sections, whence a direct comparison may be made. Pro-
ceeding accordingly, we shall restrict our work in this
paper to the leading-order contributions obtained from
minimal coupling.



IV. CROSS SECTIONS

In this section, we lay out the challenges, methods, and
results for calculating cross sections in the spinor helicity
formalism. We first show that massive spinor helicity am-
plitudes are tensor objects and represent all spin configu-
rations of the scattering process at once. Second, we de-
veloped two complementary methods to expand the scat-
tering amplitude over its spin configurations to calculate
unpolarized cross sections. Finally, we calculate cross
sections for Bhabha annihilation and Compton scatter-
ing from the previous section. Taken together, we aim to
demonstrate how to use massive spinors effectively and
simultaneously provide non-trivial checks by comparing
our results with well-known theoretical data from QFT.

A. Square of the amplitude and unpolarized
scattering

Equipped with the methods and results laid out in sec-
tions [[I] and [[TT} we can now tackle the problem of calcu-
lating the rate of any scattering process from its unpo-
larized cross section

= LM (55)

spin

We must average over all N distinct spin configurations
in order to compare with experiment. Given M, we can
easily calculate its conjugate MT, but the task of ex-
panding the square of the (modulus of the) amplitude
IM|? = MTM is delicate because M in the spinor he-
licity formalism is an explicit function of the external
helicity states but not of the external spin states. All
possible configurations are implicitly represented in the
tensor structure of the scattering amplitude. Therefore,
to calculate the unpolarized cross section, we must ex-
tract the configurations, square them separately, and add
them up. We shall learn how to do this in two ways in
the following sections, but first it is instructive to review
how it is done in QFT using Dirac algebra [13].
Consider the Bhabha annihilation process shown in
eq. (45). Focusing only on the left hand side of the pro-
cess, we have the QED interaction —iet(p2)y*u(p1). Its
contribution to the cross section is proportional to

>3 [ i (p2) vy )] (56)

where Latin letters a, b, ¢, d are the Dirac 4-spinor in-
dices, and we sum over all spin states s and s’. As Dirac
taught us, we sum over spins using the outer products

Eu Yag (p
Ev )0 (p

=(p+ml),,
(p - m]l)ab (57)
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and trace over the Dirac indices, reducing eq. (56)) to an
expression that is covariant only with the Lorentz group

(pl + m]l)ab’yl/jc( 9 m]l)cd’yga

=Tr |(p, + )" (p, — m)7"]
V) — 4m2gh.
(58)

=4 (p'ps + phpy — pphg"

Thus are the non-trivial rules for coupling fermions beau-
tifully encoded in QFT: as the Dirac algebra over spinors
equipped with multiplication deﬁned by the gamma ma-
trix 7/}. The incoming momenta p/ and ph on the left
side of the process get paired-up in eq. in such a way
that, when contracted with the outgomg momenta on the
right side of the process, we obtain a Lorentz invariant
quantity where the left- and right-handed chiralities do
not mix. Namely, the (p1 - p2)(ps - p4) term cancels out
to yield the unpolarized Bhabha cross section at leading
order

8et
9B =3 [(pl *p3)(p2 * pa) + (P1 * p1) (P2 - P3)
+m?(p1 - p2 + ps - pa) + 2m*|. (59)

Although this is by now a familiar calculation, the ex-
pansion of |M]|? is clearly a rather delicate process in
QFT. What are the massive spinor helicity analogues to
Dirac’s y-matrix and the spinor outer product and trace
operations? The short answer is coalescence. Massive
spinor helicity amplitudes and cross sections find their
analogous coupling rules in the high-energy limit, which
is fully determined by the massless coupling eq. .
In the next section, we shall formulate a method using
the high-energy limit to calculate massless cross sections
and a quasi-limit to calculate massive cross sections like
eq. . The constructive method that was presented for
calculating scattering amplitudes will also be extended
to cross sections, to serve as a building block similar to
eq. for directly calculating massive cross sections.

Before moving on, we take the opportunity to make
contact with QFT and show explicitly how the Dirac al-
gebra manifests itself in the spinor helicity formalism.
Consider the QED interaction between two electrons and
a positive helicity photon. Summing over both spin con-
figurations, we have

Z u(p2) g ulpr)® =

S

(uz |50 wa] + [uz [eg, 7" w1)

= (2]e5,0"|1] + [2 ], 1),

(60)

where in the last step, we contracted all the Dirac indices
using the standard gamma matrix v, and

w) = () wi=(5).

(wp = (N, 0), [up = (0 A*). (61)



Converting from a Lorentz 4-vector index p to bi-spinor
indices acv with the identities

1
6;’;” = 25—5(1 ;aa7
5:;@ = €af€upl ﬂﬂ,
gﬂya"ad‘a”ﬁé = 250‘550"5, (62)

and writing out the polarizations using the spinor helicity
notation [I3]

00" = VaR and [ (0], = VER
(63)
leads us back to the positive helicity minimal coupling
(2|ed,0"|1] + [2]e5,6"] 1)

= (2] ]1] + [2]e]1)

= )‘ga aa)‘laf + )‘2 63&& 1]

_5(2x)[31] (23] (x1)

=V e TV )

_ s3] = (x2)[23]

=2 T O8) (12)

= -2V2z(12). (64)

Taken together, we see that the Dirac algebra in QF T

is encoded in the massive couplings of eq. . Direct
links from Dirac to Weyl (v#, — o#*%) and from Lorentz

4-vectors to bi-spinors (g, — 60‘550‘5) are evident in
this calculation and suggest that the physics described by
the QED interaction Y, @(p2) ¢4 u(p1)® has a simpler
formulation as z (12).

B. High-energy limit and quasi-limit expansions

We showed in eq. how x (12) coalesces from cou-
plings at high energy with a positive helicity photon, i.e.,
where only 3] appears and not 3). Our approach was
to use conservation of angular momentum to determine
the admissible spin configurations and use them to cal-
culate the high-energy limit directly from the massless
coupling in eq. . Here, we discuss how to formally
take such limits by returning to our definition of massive
helicity spinors in egs. @ to , where each spin state
is represented by a massless helicity spinor paired with
a little group basis spinor Cli. We can determine the
high-energy limit of any particular spin state of a mas-
sive helicity spinor by keeping the term with the correct
basis spinor and by taking the mass to zero via p, — E.
For example, consider (A = M. = \,(7T + 0, ¢! and
A = A = Xo¢H 4 j5%¢=T. The negative spin state
s = —% of (X is A\o(~f, and there are no issues letting
p. — E for A\,. So, the high-energy limit of (A, when
insisting on spin state —% is simply (A, and we write

HE

lim (A = (A A= (69)

or equivalently
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On the other hand, the positive spin state of (X is 7,( 7,
but (n will vanish as p, — E. It is [A that has the
non-vanishing positive spin A*¢*! component at high en-
ergy, so we can exchange angle and square brackets using

PaaP®® = AA(AX) = —2m?:
. o [AA] L PaaP™”
il}r{lla A= }_1}% ~ Jam A= -lleE A o = =[A. (66)

Therefore, the high-energy limit for a single massive he-
licity splnor is_simple: replace its boldface type with A

for s = —5 or \ for s = +2 as follows
g | A) fors= -1
A, A = 2 67
)r Al {)\] fOl"SZJr%, (67)

and similarly for the bras (A and [A. For a given spin
configuration, each massive particle will be assigned a
particular spin state s. In the case of a spin—% particle,
the amplitude can only have one spinor appear for that
particle in each term of the amplitude to indicate its spin

as either s = —% with an angle bracket A or +% with a

square bracket \. For higher-spin particles, each term
of the amplitude will have exactly 2s spinors to collec-
tively represent the particular spin state s as products
of spinors. For example, a spin-1 particle must have two
splnors to collectively represent s = —1 as A\, s = 0 as

()\)\ +A\), and s = +1 as A\. We see again that a
partlcle s spin determines exactly how many spinors for
that particle must appear in each term of any scatter-
ing amplitude. The admissible spin configurations are
thus determined by the amplitude and by its relation to
the massless coupling in the high-energy limit. We shall
see that the high-energy limit is an effective tool for cal-
culating cross sections because it allows us to naturally
expand the sum in eq. by breaking up the scattering
amplitude into its spin configurations.

In order to apply this method to massive amplitudes,
we shall take a small step backward from the high-energy
limit to restore mass to the helicity spinors that rep-
resent the interacting massive particles while retaining
the expansion over spin configurations. Of course, this
backward step would be invalid for a free particle with
spin s > 0, due to the categorical change in degrees of
freedom, going from 2 to 2s + 1 as it becomes massive.
However, the degrees of freedom of interacting particles
are constrained by angular momentum conservation and
are accounted for when their massive helicity spinors are
contracted along the little group basis {¢;,¢}. We
therefore define the high-energy quasi-limit (qHE) as the
result of the following procedure: first, take the high-
energy limit to expand the scattering amplitude into its
spin configurations, and then restore the boldface type
of the corresponding massive helicity spinors. The quasi-
limit enables us to work with the massive amplitude just
before it breaks up into its massless components.

We close by using these methods to reproduce the re-
sult of eq. (35). Expanding the z factor with eq.



leads to

[B](p1 —p2)| x)
2v2m (3x) "2
g [31](2x) + [32](1x)

M =gx(12) =g

=-= . 68
2 {3x) (8
Taking the high-energy limit leads to
_[31K2x) +1/2 9—1/2 a+1
ML 9y For (172,277,375, (69)
+g [32] 1¢>) for (1—1/2’ 2-‘4-1/27 3+1).

The average of these two configurations should give the
high-energy limit from eq. , but we cannot make
progress with massless spinors. Thus, we take the quasi-
limit of each configuration, choose references xy = 1,
¢ = 2, and average over configurations

B o (147273

+1 9HE
M[J 1/2’2+1/2’3+1)

+g 7[3?521)” for (1~

g (131)21) [32)(12)
( = (70)

2\ 31y (32

We can manipulate the brackets with (12)[21] = 2m?
and (13)[31] = 2p; - p3 = —2m? or (23)[32] = 2py - p3 =
2m?, where the minus sign between p; - p3 and p; - p3
is again due to incoming line 1 and outgoing line 2. We
indeed recover the high-energy limit with ¢ = —g:

M5 (S )
_ g ([31]2 2m? 32 2m? )
2\ [12] 2p1-ps  [12] 2p2-p3
HE gw

2[12]

In the following sections, we shall see how these limits
can be used to calculate massive cross sections.

C. Gluing partial cross sections

The modularity of spinor helicity amplitudes suggests
an alternative method for calculating cross sections by
gluing together smaller pieces, obtained from couplings,
that we shall call partial cross sections. It should be
analogous to eq. (58)), possessing bi-spinor Lorentz in-
dices and nothing else. We shall require a generalized
form of the square of the couplings in eq. , where
the Lorentz indices are symmetrized and where the lit-
tle group indices of the massive spinors are fully con-
tracted, such that only external momenta ps;, remain.
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The stripped coupling and its conjugate will provide the
“glue” for adhesion

(Ml | = (M) (ML) = (Mlg) (MTP) . (71)
Mlnlmal cot_lphng in QED leads to a single term:
2m?g%e 5P, If we include the auxiliary coupling from
eq. , then we obtain additional terms that couple the
electrons with the photon helicity spinors A* and A

by

2m?eqpe ———eap(AX

M, /3| =g°

+\/§mx(m)aﬁsa5—(AA)aﬂ(Xﬂ)dﬁ . (12)

The electromagnetic field strength F** in the spinor he-
licity formalism is Fg‘g = £apA N+ Ao and we
can see its direct role in the auxiliary terms. Now, let
us define the partial cross section as the square of the
coupling

2

aﬁ
aﬁ -

A2 A1 A2 [ 2](d6) POV (73)

2= Mt = — .
V2m (aB) V2m (aB) V2m

Here, the Lorentz indices from the stripped amplitude
are symmetrized

(aB)

2
[M®] (as)

= 2m2925(a5)5(d5) =m?g? [Eagsd‘B + Egaagd}
(74)
Also, the spinor indices for massive particles ¢ and
b are suppressed and will be contracted in all three
possible ways: intra-particle to yield the original mo-
menta )\m])\{m = Paaa, iNter-particle to yield the in-
ner products pa(;(spg‘S = Dg * P», and to yield mass terms
fm )\21 P 5)\2 ; = 2m?. Putting everything together and
averaging over these 2x 3 = 6 possibilities yields the QED
partial cross section at minimal coupling
. 2
; g
Ugg = E |:p1dap255 +p2dcap15'5

~(eas=™ + £0™) (pr - 2 + 2m%) |

2
93 [pg? pgg) eape™ (p1 s + 2m )]. (75)
With the relations pgaa <+ pi and Eagsé‘ﬂ &~ g, we
see that the partial cross section is analogous to the left-
hand side of the cross section pgupg) — gt (p’l’pg + 4m2)
that was calculated in eq. . Consequently, the cross
section for Bhabha annihilation at minimal coupling is

the gluing of two copies of eq.

af 1 ap
TB = 012053 5273464 (76)
The partial cross section for particles of general spin s
is derived in section [B] using the above combinatorial ar-
guments. In the general case, there are 4s + 1 ways to
distribute the massive spinor indices, and we find



1 n+1

2s
.iﬂz J—
agiﬂ, 43 +1 zzj P1P2)

In order to contract everything, we have symmetrized
indices with labels 1 < i < j < s, as well as 2s — n
copies of the momenta p; and po, and finally n copies of
the Levi—Civita symbols. This approach for calculating
cross sections bypasses scattering amplitudes altogether
and may be suitable for computational methods. We
shall not pursue this method further here, however, and
will instead return to our study of scattering amplitudes
and their high-energy behavior.

D. Bhabha cross section

Let us now calculate the cross section for Bhabha anni-
hilation of eq. . The scattering amplitude in eq. (47)
written in terms of the quotient z15/x34 has a simple
conjugate due to the property T = —1/x. We obtain

Mt = 2¢? <$12 T34
. (12)[34] + <34>[12])

S T34 Z12

- % (ij’;‘ (43)[21] + 734 <21>[43]) . (78)

Naively expanding the square of the amplitude yields

M2 = Zfj{2s2 +(12)% [34)” Ki;)z + <fj§>2] }

(79)

Interesting, perhaps, in its own right but bearing little
resemblance to the known formula in eq. , which is
written entirely in terms of the external momenta of the
process. The problem is that the naive approach by-
passes the expansion over spin configurations and the
subsequent contractions with the conjugate amplitude.
Let us instead consider the high-energy limit of M in
eq. . The massive spinors in the first term represent
four possible spin configurations

(m2)[3na] — [13](24) for 172734~

T12 HE <’I]12>[T]34] — [14] <32> for 1t2-374%
vas 2B TN B — (1432 for 1-2+3+4-
(172)[n34] — (13)[24] for 12734+

(80)

noting that x HB 1 because its numerator and denom-
inator are both proportional to m, as seen in eq. .
Averaging over these configurations as well as those cor-
responding to the second term in eq. yields the high-
energy limit of the full amplitude

A € (<14> [32] + (13)[24] + (24)[13] + (32) [14]),

S a b B a
(81)

25—n (&ifi

(cnfis (55)n515])) [(p1 - p2)" +m*"]. (77)

(

labeling the termb a, b, b, and a. The high-energy limit of
M is simply & (a+b—|— b+a). Sixteen terms are obtained
by squaring the amplitude, but o = b? = a®> = b =
0, since (ii) = [it] = 0 for lightlike pt, i € {1,2,3,4}.
Furthermore, ab = ab = ab = ab = 0, since (z’j>2 =
[ij]> = 0 for all i # j. What remains is 2(aa@ + bb),
leading to the correct result at high energy

op 25 iﬁ ( (14)[41](23)[32] + (13)[31](24) [42])
286 (t2+ 2). (82)

Following the above expansion, we take the quasi-limit,
restoring mass to all spinors. Now all 16 terms survive

qHE 2

o8 (a2+a2+b2+52

+2(ab+a5+&b+%+aa+b6)), (83)
where boldfaced labels refer to the massive spinors
they represent. Fach of the four square-terms con-

tributes 4m*.  For example, a? (14)%[32)° =

a =
(11)(44)[33][22] = 4m?. The aa and bb terms lead

to the t- and u-channel invariants, namely,
aa = (14)[41](23)[32] = (t —2m?)*,  (84)

bb = (13)[31](24)[42] = (u—2m?>)>.  (85)

The cross terms provide the s invariant

(1|ps| 2](1 |p4| 2]

m?(s — 2m?), (86)

ab= (14

=5 (0)(22] py s =

)132](31)[42] = —

and similarly for ab, ab, and ab. Taken together, we find

2¢
UBqHE ¢ {8 44 4am? (S—Qm) (t—2m2)2+
26 9 9
= el [Sm + 8m?s — 4m? (s—|—t+u)—|—t +u}
2¢* 2 2 2 4
:S—Q[t +u”+8m 5—8171}, (87)

which is the correct result with the Mandelstam invari-
ants s + ¢t +u = 4m?.

E. Compton cross section

Now we calculate the cross section for Compton scat-
tering shown in eq. . The scattering amplitude in

(u — 2m2)2}



eq. . was obtained by contracting left and right mini-
mal couplings given by eq. .

£70= - k1] and R =guy (4k).  (88)
L12

Applying the result in eq. as well as its negative

helicity counterpart, we have

k] + [4]ef,0"|k)), (89)

x34 (4k) = % ((4 |6§MU"
% k:> + <1)e;;a” k:D . (90)

( |:1‘62;0'V

Combining both pieces summing over polarizations
igu =D a1 € €., and taking the high-energy limit

—[1K] =

T ake)[1K] =

1
- Iz v
5 (1o K] gun (110 K)

(410" ) g (110" | K] )

+
BB 4k [1R] + [4K]) (1K) , (91)
where the identity in eq. for gu,0tc” was used in
the last step.

It is interesting that the high energy electrons have
opposite spin in both configurations. Since the photons
are external with fixed helicities 2~ and 3%, the first term
corresponds to the s channel, thus coupling lines 1 with
2 and 3 with 4. The second term corresponds to the u
channel, swapping lines 2 < 3. Writing the scattering
amplitude at high energy as

M= M, + M, 25 g5 <<4ki[1k] + <1k>[4k]> , (92)

u

we immediately see that M M/, I 0 and MIM, 1k
0 due to the contraction of identical massless spinors.
Therefore, the high-energy limit does not have cross
terms with 1/su, and the unpolarized cross section re-
duces to the simple form known in the literature

oo 5% 5 > (IME[ + ML)

h==+1

_ g7 <1 + ;) (4)[1K] (L) [4%]

s 1)<4|(p1+p2)1]<1|(p2 + pa)|4]
=2 (12 uﬂ) (42)[21](12)[24]
(E - E) (93)

with eight spin configurations in total, four per external
photon helicity 2¥ and 3*.
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To get the massive cross section, we take the quasi-
limit, where the cross terms now survive

HE
IMPES M+ M+ MM+

Starting with the first term, we have
Er (4k)[1K](k1)[k4]

(s —m2)”

MIM,. (94)

IM[* =

; (95)

and the s channel momentum k* = p!’ + p4 leads to the
numerator

(4 >[1k]< >[ }
42)[21] ) ((12)[24] + (14)[44] )
(s >< m?) -

= (s —m?*)(u—m?) -

2m2(t — 2m?) + 4m?>p; - py
4m?(s —m?) +4m*  (96)

using ¢t = 0 and p; - p» = s — m?. Similarly, the second
term with « channel momentum k* = p4 + p) has the

same numerator after swapping p; <> ps and s <> u:
(1k)[4k)(k4)[k1] = (s—m?)(u—m?)—4m? (u—m?)+4m?.

(97)
The cross terms use both s- and u-channel momenta and
have the form

MMTf

s —m? U — m?2

24P+ )] 1] ([4<p2+p4>|1>>*

(98)
with numerator
(4](p1 +p2)[1] (1 [(p2 + p4)| 4]

= (p? +p1-p2) (P} +p2 - pa)

=4m* —2m*(p1 - p2 + P2 Pa) +P1 D} Pa

= 4m* — 2m? (3 +u— 2m2)

= 4m*. (99)
Note that lightlike p3 = 0 and that the second term

in the penultimate line vanishes due to the Mandel-
stam invariants s +t + u = 2m?2. This result implies

MM, = (M M) = 4m?.
Gathering everything leads to

qHE ¢%3° | (s = m?)(u — m?) — 4m?(u — m?) + 4m*
c— 2
: (s )
n (s —m?)(u —m?) — 4m?(s — m?) + 4m*
(u—m2)”

n 8m*
(s = m?2)(u — m?)
B 9 (E + f) )
s

- (100)

consistent with eq. when m — 0. The quasi-limit
simplifies to the well-known form in the literature, upon
using the Mandelstam invariants u — m? = —(s — m?):
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GHE . 4|u—m? s—m? 9 u—m? s —m? 4 1 1 8m*
oc — 2e 5 2—4m 5 + 5 | +4m 5 + 5 | + 5 3
s—ms u—m (s —m?) (u—m?) (s —m?) (u—m?) (s =m?)(u—m?)
u —m? s —m? 1 1 1 1 2
= 2¢* 4m? 4m* . 101
c ls—m2+u— g Tam < —m? u—m2>+ m s—m2+u—m2 (101)

Performing this calculation in QFT is lengthier and
more convoluted due to the redundancy built into the
Dirac spinor embeddings in 4-vector fields. It is striking
that spinor helicity amplitudes like egs. and ex-
pand to reproduce the massive cross sections of egs.
and . Expressed in terms of Mandelstam invariants,
these cross sections are not tied to any particular formal-
ism and thus provide a fair and direct way of comparing
massive helicity spinors and quantum fields.

Now that we have performed several non-trivial checks
of the massive spinor helicity formalism and have ob-
served the computational benefits it offers, we turn to
the examination of new insights it may reveal about the
nature of scattering and spacetime.

V. MASS ACQUISITION

We have extended the spinor helicity formalism by in-
cluding representations for massive particles and have
calculated the scattering amplitude and cross section of
well known processes. It seems clear at this point that
although the formulation and methods used here differ in
significant ways from QFT, the standard results in the
literature can nevertheless be reproduced with relative
ease. Our departure from a manifestly local theory is,
perhaps, the most important difference with QFT. Local-
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ity is a cornerstone of the Standard Model-—upon which
the central ideas of spontaneous symmetry breaking and
effective field theory rest. Consequently, let us proceed
by examining the coalescence of massless helicity ampli-
tudes and its perspective on how a particle can acquire
mass as well as a localized trajectory through spacetime.

A. Coalescence and the Higgs mechanism

The idea for an on-shell analog for the Higgs mecha-
nism traces back to Conde and Marzolla, who suggested
that the helicity spinors representing the reference null
vector for a massive particle become the polarization vec-
tors associated with a massless particle at high energy [2].
Arkani-Hamed et al. took this further by showing that
the massive amplitude is the common low-energy limit
of all possible external spin configurations of the corre-
sponding massless amplitude [I]. Their introductory ex-
ample shows the essence of the mechanism. We can view
a spin-1 particle with mass m interacting with a massive
Higgs scalar particle with mass v/2m as the coalescence of
the two possible spin configurations between one massless
spin-1 particle and two massless scalars. The process has
the high-energy limit (11, 21,3%) 25 (1% 20 39). The
diagram below shows how two high-energy coupling coa-
lesce into a single massive one at low energy

20
\
\
\\
_ ~[12][31]
=== 3 =77y
1+1
(102)
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\
\
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_{(12) (31)
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Indeed, this merging of high-energy amplitudes is what
we have been calling coalescence and is what was cru-
cial for the calculation of unpolarized cross sections per-
formed earlier in this paper. The general idea is that the
two high-energy spin configurations of line 1” and line 2°
with a total of 2 + 1 spin degrees of freedom coalesce at
low-energy to represent a single massive spin 1 particle
on lines 1! and 2! with three spin degrees of freedom.
Thus, one can interpret the massless scalar line 2° as the
Goldstone boson 7. The remaining massive scalar line 3°
plays a similar role to the Higgs boson ¢ that gets decou-
pled from the massive spin 1 particle A, in the nonlinear
sigma model [13].

This interesting reformulation of mass acquisition
presents new opportunities and also raises important
questions. The full particle spectrum after spontaneous
symmetry breaking in QFT is tricky to interpret in the
Abelian case and nigh intractable in non-Abelian and
beyond-Standard-Model cases. This is due to the vari-
ety of kinetic mixing terms that arise when expanding
the Lagrangian density around the different vacua asso-
ciated with the broken symmetry. For this reason, the
decoupling limit that yields the nonlinear sigma model is
a reasonable simplification which trades off information
about o in order to better understand the relationship
between A, and 7. Indeed, the CCWZ method (named
after Callan, Coleman, Wess, and Zumino) of deducing 7
couplings in effective field theory from unbroken symme-
try constraints in the full theory are accompanied by non-
linear transformations of 7 that complicate the nature
between phenomena at the effective and the fundamen-
tal energy scales [27) 28]. In stark contrast, without any
Lagrangian formulation to deal with, these issues seem to
be absent in the spinor helicity formalism, whose inter-
actions are always accessible and in principle reducible
to a conjunction of known couplings. Therefore, perhaps
by analyzing mass acquisition via processes like eq.
more can be learned about effective field theory in general
and Higgs physics in particular.

B. Worldline representation

The bi-spinor representation of complexified momen-
tum provides us with a more general setting to formulate
scattering amplitudes by gluing together couplings. We
learned that couplings and amplitudes constructed in this
way are generally simpler than their QFT counterparts,
especially when massless particles are involved, but this
simplicity comes at the price of giving up locality. Let us
dig deeper—before any interactions take place—by think-
ing about the worldline of a free particle moving through
complexified Minkowski space CM.

For a massless spin s particle, we expect its linear mo-
mentum to be null; thus, the matrix p®® will be singu-
lar with vanishing determinant det p®*® = detpga = 0
and zero mass p?> = m? = 0. The particle’s worldline is
therefore confined to lie on the null surface of the light-
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Figure 1. Future lightcone in complexified Minkowski space
CM. The null surface of the cone is parameterized by he-
licity spinors A and A. Its corresponding hyperbolic surface
(shaded) in the interior of the cone is mapped with two addi-
tional helicity spinors n and 7.

cone with null momentum given by the outer product
p® = \*\% and little group U(1) parameterized by the
number z € C in eq. . Thinking of this lightcone
surface at future time ¢t > 0 as the celestial complex 2-
sphere, the required two complex degrees of freedom are
provided by the Weyl spinors A* = (%) and Ay = (%)
constrained by det p®® = 0. A horizontal section of the
future lightcone appears as a circle in fig. instead of
a sphere due to the suppression of one spatial dimension.
Thus, any point on the celestial sphere is identified by
the helicity spinors A* and A4, illustrated as a 4-vector
pointing to this circle. Generally, we shall interpret lines
in this and similar figures as 2-surfaces of spacetime, and
surfaces in such figures as volumes of spacetime.

The massive spin s particle with a timelike momen-
tum p? = m? > 0 and full-rank matrix det p®® = m?
is defined by introducing two additional Weyl spinors n“
and 75 according to eq. @, which scale with mass m,
so that p® = \*A% — noHe LaLC p*% = A°A%. In line
with Conde and Marzolla’s suggestion [2], we can think
of A*A% as the reference null vector directed toward a
point on the celestial sphere that is parallel to p®®. In
the high-energy limit n®7* vanishes with m — 0, and
A*AY corresponds to null momentum p#, which is per-
pendicular to the massless particle’s polarization vectors
e and €. At low energies, the survival of n®7% cate-
gorically increases the particle’s degrees of freedom such
that p* becomes timelike with p?> = m? > 0, and the lit-
tle group becomes SU(2) with 2s+ 1 degrees of freedom.
The massive particle’s worldline has thus been peeled off
from the null surface of the lightcone. At each moment in
time ¢ > 0, it will intersect the corresponding hyperbolic
3-surface inside the lightcone, as illustrated in fig. .

From this kinematical perspective, the acquisition of
mass indicates the excursion of the worldline inside the
lightcone; a worldline whose depth beneath the null sur-
face is parameterized by the bi-spinor 7%, which scales
with m and is orthogonal to A®*\% as can be seen from
eqs. and . In other words, a massive particle is



localized within the lightcone’s interior. This point of
view complements the dynamical aspects of the scatter-
ing amplitudes we studied earlier, which showed that am-
plitudes constructed entirely from massless couplings are
manifestly non-local, those involving massive particles as
well as residual = factors still possess some non-local fea-
tures, and only when all external particles become mas-
sive and all = factors cancel does locality manifest itself.
This relationship between locality and mass is intriguing
because it has always been obfuscated in QFT, where
we imposed locality onto our quantum fields so that the
breaking of their gauge symmetries could underlie the
Higgs mechanism. Further exploration of the interplay
between mass and locality might enrich our understand-
ing about particle physics and spacetime. We pursue this
in the next and final section by subsuming the spinor he-
licity formalism within twistor theory, whose intrinsically
non-local projective geometry can account for both mass
acquisition and the emergence of spacetime.

VI. MASSIVE HELICITY SPINORS IN
TWISTOR THEORY

The spinor helicity formalism suggests that locality is
not a fundamental property of the universe but one that
emerges from the coalescence of particle interactions at
low energy. Despite their efficiency, helicity spinors lack
a clear geometrical picture of the particles they represent.
Indeed, these complex-valued objects do not exist in our
real spacetime, yet they do encode 4-momentum, and
they do transform correctly under the Poincaré group.
Sixty years ago, Roger Penrose proposed a new kind of
algebra with a similar character, one which describes
Minkowski space and its covariant Poincaré operations
based on an abstract and by definition non-local geome-
try called projective twistor space [16]. Accordingly, we
briefly review twistor theory and demonstrate how the
ideas discussed in the previous sections—helicity spinors,
complexified momentum, mass acquisition, and the emer-
gence of a local spacetime—are all encapsulated within
Penrose’s theory.

A. Twistors and the null rays of spacetime

We begin by showing how null rays forming the light-
cones of Minkowski space M emerge from twistor the-
ory. The notation set by Penrose and Rindler [I7] is
used here with slight modifications to suit our purpose.
A general introduction to the theory and its motivations
is also given by Penrose [29].

The twistor Z% is an object whose four components
indexed by a = 0,1, 2,3 are coordinates into a complex-
valued vector space called twistor space T. By consider-
ing the three ratios of these coordinates, we obtain new
(homogeneous) coordinates for a three-dimensional pro-
jection of T called projective twistor space PT. Its sig-
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nificance is that each point in PT can be made to corre-
spond to a ray in spacetime; thus, a twistor variable in
this projective space can represent the entire worldline of
a particle or even a null ray of spacetime itself. This is
achieved in a remarkable way for our Lorentzian 4-real-
dimensional spacetime because in this particular case the
celestial sphere is a conformal manifold whose homo-
geneous coordinates have the topology of the complex-
valued Riemann sphere. In this sense, Minkowski space
M is naturally generalized by twistor theory to a complex
Minkowski space CM, whose null rays and worldlines—
and anything built from them—are analytic functions
with a direct physical interpretation.

The key distinction between twistors representing
worldlines and those representing null rays is that the
former should encode spin (by “twisting”) while the lat-
ter should not. As we have seen throughout this paper,
both the linear and angular momentum of a particle can
be efficiently encoded as spinor helicity variables. This
fact is leveraged in twistor theory by recasting the four
components of Z* as two spinors w® and A\ respectively
called the primary and projection parts of the twistor

(103)

We shall treat these parts exactly like helicity spinors,
where A is associated with linear momentum and w®
with angular momentum. Keep in mind that all twistors
in PT must correspond to some direction and, therefore,
Ag # 0.

To establish a correspondence between a twistor in PT
and a ray in Minkowski space, the spinor parts are con-
strained by the incidence relation

(104)

which can be thought of as the locus of points rfd € CM
that satisfies this equation for fired w® and Ag. The
particular locus of points where w® vanishes is called the

a-plane, shifted from the origin by #*% and given by

PO — G 4 Lo NG for gl K. (105)

That k* is arbitrary makes this a 2-complex-dimensional
surface in CM. In PT, the a-plane corresponds to the
2-complex-parameter “star of lines” passing through the
point Z%, as shown in part A of fig. . We shall also
require the complementary picture of this correspondence
given by the dual twistor W, with downstairs index a and
dual incidence relation

W, = (&a #%) such that &%= —i&r**.  (106)
The locus of points where the spinor part # of W, van-
ishes is called the -plane, given by

roY = OO L ¢oRS for all BY. (107)
The (-plane in CM corresponds to a 2-complex-

parameter “projective plane” in PT, as shown in part



PT

Figure 2. Twistor a-plane in CM and corresponding star of
lines in PT (A). Dual twistor 8-plane in CM and correspond-
ing projective plane in PT (B).

B of fig. (2). Thus, we obtain the full correspondence
between twistor Z¢ and dual twistor W,: in CM the a-
plane is dual to the g-plane, and in PT the star of lines
is dual to the projective plane. It is from the incidence
of W and Z, given by W,Z% = 0, which is surprisingly
rich in structure, whence the geometry of spacetime and
the worldline of elementary particles can emerge. There
is no privileged scale in projective geometry; instead, the
vanishing contraction W,Z* = 0 answers the question,
‘Where in PT do Z and W intersect?” Whether we are
dealing with null rays or worldlines is determined by the
spin s associated with the twistors, which we can now
define as follows

1_,= 1 /w> g 1/ o I ~a
8252 Za:2<5\a>()\a w ):i(w Aa+Adw ),

where Z,, is the dual twistor of Z¢.

The projective twistor space is divided into three sub-
sets based on s. In this section, we focus only on twistors
without spin (s = 0) called null twistors, which sit in the
null projective twistor space PN C PT. The incidence of
a null twistor Z¢ with another null dual twistor W, cor-
responds to the intersection of the az and Sy planes and
thus traces out a generally complex-valued null geodesic
L through CM], given by

ro(u) = Y 4 u\Y for u € C. (109)
In PT, this corresponds to the intersection of the star of
lines of Z* and projective plane of W,, which is a “plane
pencil of lines” in PN, as shown in fig. . Since L is pa-
rameterized by complex-valued u, it has the topology of
the Riemann sphere S2. The null geodesic gets its name
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Figure 3.

A null geodesic is traced out by the incidence
W,Z% = 0, corresponding to a complex-valued null ray L
through CM and a plane pencil of lines (also L) in PN param-
eterized by u € C.

from the great circle on the Riemann sphere, where u
takes on real numbers. However, L must also contain
some complex-valued points r®® corresponding to val-
ues u off of the great circle. Only for the special case
W, =7, = ()\a &/d) does the locus r®® only take on
real values, thus describing the real null ray Z

r%(h) = %Y 4 hA®XY  for h € R. (110)
And so we see that the set of null twistors in PN gives rise
to all real null rays for all lightcones in real Minkowski
space M. It is in this way that spacetime emerges from
twistor theory.

Before moving on to the non-null subsets of PT, we
now show that eq. is the locus in M of Z% where
w® = 0. This calculation will be useful in the coming sec-
tions. Still assuming that s # 0, consider the incidence
relation

ir* g = 0%, (111)
where we consider the angular momentum spinor at the
origin w®, which is non-zero and orthogonal to A® so
that w*A, = 0. By contracting the incidence relation
with @%, the solution of points can be obtained

. ~ o\ 1 o .
pod (i,\Baﬁ) GG, (112)

Note that the elements of the factor ©®@% are real be-
cause

G0N = o (0*)* = W e R.

(113)
Also, since Z% is a null twistor, eq. (108]) implies that

727, = 0= 0%N\y + 0Ny =0
= 0N = — (W*A)"

= WY\, is purely imaginary, (114)



and thus iw®\, is real. Therefore, we can conclude that
all points r* satisfying eq. (112 form a real locus in
M. Finally, to recover the parameterization of this locus
in eq. (110, note that one of these points must be the
displacement of the ray from the origin #*¢. Consider
the difference

iR = o
—iF g = &

(ro"j‘ - 720@) /\d = 0.

This means that the displacement along the null ray
rod — #2% i real and also annihilates Ag. We there-
fore identify it with a real-scaled version of A%, and that
is exactly what the term hA®A% in eq. represents.
Here, we considered the spinor part representing angu-
lar momentum evaluated at the origin w®. It will be
useful in the next section to note that the origin in CM
is arbitrary, and w® — w® — ir®®\,4, while A4 remains
fixed under a change in origin. The opposite is true for
dual twistors W, = (fa 74, where £, is constant and

AY — 7Y + i€, red [17].

B. Lightlike null hyperplane

The previous section showed that null twistors (with
s = 0), give rise to the real null rays of spacetime, upon
which w® vanishes and no angular momentum is associ-
ated with the ray. We also saw that null twistors only
correspond to the null projective subspace PN C PT.
Now we consider the case where Z* has spin s # 0. From
eq. , we have w*\, = s, since S\,id)d = w*\,. This
implies that w® # 0 for all real points in CM. Recall
that w® is the spinor field associated with angular mo-
mentum, and we shall now see that Z* with s # 0 indeed
represents a massless particle in Ml with helicity. For this
reason, it is called a lightlike twistor.

Twistors with s > 0 are said to have positive helic-
ity and live in the subspace PT", while those with s < 0
are their negative counterparts sitting in PT™. Unlike the
case of null twistors, the incidence relation in eq. for
lightlike twistors can only be satisfied by a locus of com-
plex points 7** € CM. In other words, the a-plane, upon
which w® vanishes, contains no real points. The lightlike

dual twistor W, = (ﬁa 7~rD"> also has s # 0, and thus

£,m® = 5. The dual incidence relation 7% = —i,r®®
is satisfied for complex r** € CM] its S-plane, upon
which 7% vanishes, also contains no real points. There-
fore, when considering the incidence of lightlike twistors
W,Z% = 0, the null geodesic r*¥(u) will be entirely com-
plex valued. The lightlike acz and Sy planes do still meet
where w® = ©% = 0; however, this occurs on a locus of
points forming a complex null geodesic. These twistors
nevertheless have a reality structure that possesses an-
gular momentum, is null, and is remarkably non-local.
This offers an explanation for the non-local properties we
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Figure 4. Null hyperplane II of a lightlike twistor Z* in com-
plex Minkowski space CM. Both spinor parts w® and A4 are
non-zero everywhere in CM. At any point P, w® points along
the lightcone whose vertex lies on the null ray given by Z%,
thus encoding the non-zero angular momentum. Point @) on
the null ray Z* is closest to the origin O. Adapted from fig. 6-
2 of Penrose & Rindler [I7].

previously encountered for massless helicity spinors, and
it also justifies why we qualify these non-null twistors
as being lightlike. The structure in M is not localized
as a single ray, as it was for null twistors, but instead
consists of a special family of null rays called a Robin-
son congruence [16] that forms a null hyperplane II and
fills R? entirely. Snapshots of this congruence in M are
strikingly beautiful and can be described mathematically
as a stereographic projection of Clifford parallels on the
three-sphere S3. Renditions shown elsewhere illustrate a
system of oriented circles twisting around each other and
filling all space, thus encoding the angular momentum of
the system [17, [29].

To visualize this in CM], note that the spinor part w®
of the lightlike twistor is non-zero and takes the null di-
rection that intersects the single ray of the correspond-
ing null twistor Z* whose constant, linear momentum
p*® = A\*A® matches that of the lightlike twistor. This
is illustrated in fig. . Therefore, we can visualize the
null hyperplane II of a lightlike twistor as the family of
null directions for all lightcones whose vertices lie on Z¢.
It is in this sense that the lightlike twistor does not have
a worldline and is therefore not localized.

Taken together, a lightlike particle is described by a
twistor Z* = (ﬁ: ) up to a phase €' for § real. Although
not important for our purposes here, this phase arises
from differences between the orientated plane elements

defined by bi-spinors w®w? and S\dS\B, as illustrated by
the “flags” in fig. . Whether it has a role to play in



the physical theory remains unclear. Its 4-momentum
Pt = p*® = A*A\Y and 6-angular momentum relative to
the origin are [I7]

MM s MOOBB = iyl \B)gdB _ jeaB(G)XP) - (115)
Under a displacement % of the origin, the linear mo-
mentum remains constant p®* — p®“®, and the angular
momentum transforms according to

MaaBB _y podBB _ oplac 8] (116)
with square brackets representing antisymmetrization of
the Lorentz indices. We can derive a formula for II by
attempting to find the locus r*® satisfying the relativistic
center-of-mass given by p,M"" = 0 [30]. Without loss
of generality, choose 7# such that p,7* = 0 and r#(h) =
7 + hpt, for h € R, as shown in fig. . Now consider,

MMV(FM)pV = wau - 273[“10”]1?1/ = wau - TLWpQ = 0.
(117)

Solving for 7# in the last equation, we obtain the real

parameterization for the locus forming IT

_ M*p,

r#(h) P

for h e R.

+ hp* (118)

If p# is lightlike, then p* = 0 and the relativistic center-
of-mass p, M*"" = 0 has no solution unless M*" = r#p” —
pHrY, which implies

M¥p, =rtp* = p* (r,p”) = —p" (r,p”) . (119)
Therefore, the relativistic center-of-mass exists only if
MM p, is proportional to the linear momentum p* and
r,p¥ = k for constant k. This last result follows from the
fact that lightlike particles must have exactly two spin
degrees of freedom and a constant spin vector

S, = *M,,p* = *M,,p*" = S, (120)
where x indicates the Hodge dual xM,,,, = %elwpr,MpU.
This in turn implies

Sp, = *M;wpy = SPu; (121)

where the spin s is, of course, also constant and non-zero.
Therefore, we can conclude that the relativistic center-of-
mass is satisfied on the locus of points 7* where r,p* = k
is constant, which is indeed a 3-real-dimensional hyper-
plane IT in CM corresponding to the Robinson congru-
ence that fills R® in M. It is not hard to see that II is
the locus of points where w®(r®®) satisfies w*\, = s, as
was claimed at the beginning of this subsection, since the
relativistic center-of-mass according to eq. implies
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Note that this is same constraint we found upon expand-
ing s = %Z“Za in eq. .

In projective twistor space, we can consider the corre-
sponding incidence W,Z* = 0, whose geometry is similar
to that for null twistors, shown on the right hand side
of fig. . The main difference is that both Z* and W,
now extend beyond PN. For example, if Z* has negative
helicity, it will be located in PT~. Some subset within
its star of lines will, however, pass through PN. Since
W, is dual to some lightlike twistor, its projective plane
PC? will also intersect with PN. Thus, the plane pencil
of lines satisfying their incidence parameterizes a 3-real-
dimensional region in PN whose points correspond to the
Robinson congruence of rays in M, as shown in fig. .

Figure 5. Incidence of lightlike twistor Z* and dual twistor
W, in projective twistor space PT. The Robinson congru-
ence is generated by those plane pencil lines intersecting PN.
Adapted from fig. 33.14 of Penrose [29].

C. Massive timelike worldline

Earlier in this paper, we constructed massive helicity
spinors and their scattering amplitudes by considering
the linear combination of massless spinors A“ and n* and
their duals, as in eq. @ This led to the description of
a particle with timelike momentum p®® = AONG — neRe
and mass p?> = m2. We learned that massive helicity
spinor couplings are non-local due to their x factor, but
their amplitudes can become local if all x factors cancel.

In a similar fashion, we shall now see that a massive
particle can be represented by the linear combination of
lightlike twistors X* and Z¢

Y = <~ ) = BX* +~Z* for 8, v € C, (123)
Ra
where
X = <>fa> and 7% = (ﬂ’a) (124)
UE )\(y



have helicity

o= %xaxa _ %zaza. (125)
Interestingly, since Y® represents a massive particle
with non-zero spin s, its worldline must also be non-local
in M, since ¥ # 0 for all real points. In CM], however,
it turns out that Y* does have unique timelike world-
line that runs along the incidence of the null hyperplanes
IIx and IIz. By definition, these hyperplanes intersect
if and only if X*Z, = Z°X, = 0. Being two 3-real-
dimensional hyperplanes in CM, their intersection is a
2-real-dimensional surface or, equivalently, a 1-complex-
dimensional worldline. Each point on the worldline must

satisfy both incidence relations
ire ), = w,

(126)
i = x°. (127)

Indeed, note that neither relation is satisfied on real
points. For example,

797, = WA+ Aa@® = 25 = Ma@® = 25—w Ay, (128)

and also
WA = I NgAa = Aa@® = —ir*Aghg = 25 — W Aq.
(129)
Therefore,
Wiy =25 —wAy ¢ R for s #0, (130)
and furthermore
el g Ay = WAy = Ag@® = 25 — ir"“Aghe.  (131)

This implies that the matrix % is not Hermitian; there-
fore, IIx N IIz must occur on a locus of complex points
where x* = w® = 0. Consequently, from eq. , the
primary part of Y also vanishes ¢ = gx® + yw® = 0,
and the above locus also defines the complex worldline of
Y?. Indeed, one can check by direct substitution using
the incidence relations in eqs. and that the

complex locus is

asa aya
adiw nm—X
r - )

—= where S\a e -
W *

(132)

So much for the worldline. The massive particle will
also have non-zero spin

_ 182

L P - Rt U
2

1 — —
Sy = §YaYa XaXa + TZaZa =
(133)

and momentum

Fakia = B2 Hana + 7 X6 Aa + BY s Aa + B ¥ aNa
(134)
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for general 3, v € C. In the special case where v = if3,
we find a familiar result where the momenta simply add

Pao = Raka = |8 (ﬁana + AaAa — 16 Aa + iS\o'/’?a)
= B° (Px 4o + Pz ) [if s Aq Hermitian]
(135)

This equation is identical to pga = j\d)\a — NaNa When
|82 = 1, with the exception of a minus sign indicating
the opposite direction of px s4a = NaNa, Which could be
absorbed into the definition of X, in eq. . We thus
recognize the massive helicity spinor as the projection
part of what we shall call the timelike twistor

Yo = X® 470 = <Xa “‘i’a).

e + ik (136)

The spin of Y? is encoded by the total angular momentum
twistor, a bi-twistor with symmetrized indices

ap = 2X(alyyeXC + 2Z (ol 28, with | = (O 2/3).
0 ¢
(137)
This is the sum of the angular momenta from X® and Z¢.
For example,

. 0 AN
Azap = 2Z L6 = | ~. PN 138
Zab (a'b)c ()\a)\g —2(1)(a)\ﬁ)> ( )

The mass follows from the “square” of the angular mo-
mentum [31]

1 Aab v c V4 c a|b)cy agb)cz
—SAA = 2(R(aly X + Zialy Z°) (XK, 4+ 201042, )

— 2[X*Z%1

()56 )

2
Na A"

2
=2

=2 (139)

Note the product of like-terms in the first line will vanish
due to the fact that 7ju7% = Mg A% = 0; therefore, only
the cross-terms appear in the second line. We recognize
this last expression as pd = pyaa p$¢ = m?, since only
cross-terms in (Fodfia) (mo‘/?;d) will be non-zero:

Py = |8 ]y ? (ﬁa/\a;\dn" + ;\anaﬁ"’A“)

= 2|87 |y1? |fla A
=m?. (140)

2

Therefore, linear combinations of lightlike twistors can
give rise to mass m? = p% = f%/—\abA“b. The resem-
blance of this last equation to the spinor helicity version



m? =p? = —%p,-mpc‘d from section |II B|is clear and sug-
gests, once again, that pg,, is just a fragment of the more

informative Ay in eq. (138).
Finally, knowing that the linear and angular momenta

of X% and Z* simply add up, as in eqs. (135 and (137)),
we recover two more familiar relations in Lorentz indices
(141)
(142)

oy =k + Y
M (r#) = MY (ri) + ME (7).

It thus follows that the relativistic center-of-mass of Y¢,
being the locus of points r# satisfying py, My" = 0, takes
up the unique complex timelike and localized worldline
M\’(‘ "py
rf(h) = —5—
by

+ hply for h € R, (143)
since the first term is now a well defined constant with

py > 0.

VII. OUTLOOK

The on-shell formulation of scattering amplitudes has
been growing quickly in the recent years since it be-
came possible to represent massive particles with helicity
spinors. Initially limited to gluonic scattering, this de-
velopment has extended the reach of the spinor helicity
formalism, in principle, to any process being studied in
a collider experiment. In addition to providing efficient
tools to calculate amplitudes and cross sections, this for-
malism also offers a rare glimpse of an underlying particle
theory that is distinct from the quantum field theory of
the Standard Model.

Our contributions in this paper advance the field in
three ways. First, in light of the rapidly progressing lit-
erature, we filled in much technical detail on the notation
and formulation of massive helicity spinors (section|[II) in
order to further examine the diagrammatic and analyt-
ical structure of scattering amplitudes constructed from
them (section . We chose a pedagogical tack to in-
vite new students to the on-shell program by frequently
comparing the spinor helicity formalism to quantum elec-
trodynamics. Second, these details enabled us to develop
new cross sectional methods, which we utilized to calcu-
late Bhabha and Compton cross sections, comparing our
results to known ones and confirmed their agreement at
both high and low energies (section . Third, the fre-
quent appearance of coalescence and non-locality during
our study of massive scattering amplitudes prompted us
to examine their relationship with mass acquisition. In
addition to the dynamical aspect presenting itself as a
coalescence of interactions, we explored the kinematical
aspect, which is closely related to the locality of particle
worldlines (section . This last point led us to consider
how helicity spinors might be naturally incorporated into
twistor theory, where we found some correspondence to
further pursue a deeper physical interpretation of the for-
malism as well as an explanation for its efficiency (sec-

tion .
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We hope that these contributions provide new perspec-
tives for the various avenues currently being pursued in
the literature. On the practical side, the establishment of
a comprehensive toolkit for calculating the rates of pro-
cesses in collider experiments would be an asset for phe-
nomenological work. The auxiliary couplings will play an
important role in precision physics, and their contribu-
tions to the cross section will surely be complicated by
high-spin interactions. Methodology for computing ob-
servables efficiently, perhaps, via quasi limits or partial
cross sections, could be the first step in understanding
how their higher-order contributions relate to Feynman’s
loop diagrams and how they may account for infrared
divergences. With such a refined on-shell toolkit, one
that is bereft of limitations inherent to nonlinear sigma
models, perhaps the finer details of the Higgs boson can
be mapped out and tested. Efforts along these lines are
already underway within the Standard Model [32], and
important benchmarks have been achieved for tree-level
calculations of the electroweak sector [33], 4] and quan-
tum chromodynamics [35]. Beyond the Standard Model,
the on-shell counterpart of the supersymmetrized Higgs
mechanism appears to be a straightforward extension of
the coalescence of superamplitudes, yet constraints on
the Higgs supermultiplet and its interactions at low en-
ergy will require further analysis before new observables
can be identified [7]. Regardless of the particular model,
the advent of massive helicity spinors makes possible new
on-shell analyses of effective field theory [36], Yang-Mills
and Yukawa theories [37], and the deeper connection be-
tween spontaneously broken gauge theory and the uni-
tary scattering of massive vector bosons [38]. On this
last point, the spinor helicity formalism’s departure from
a manifestly local framework raises important questions
about what mass acquisition means for non-local repre-
sentations of particles and their interactions.

It seems to us that twistor theory is a natural gener-
alization of the spinor helicity formalism, rich enough to
provide a unified representation of spacetime and parti-
cle content for all masses and spins. The earlier foun-
dational works by Arkani-Hamed and collaborators that
considered massless spinors for the amplituhedron and
positive Grassmannian frameworks were surely a guide
[18, B9]. Inroads probing the relationship between mas-
sive helicity spinor and twistor representations have since
gotten underway. Notably, Joon-Hwi Kim and collabo-
rators have shown that the particle spectrum of mas-
sive helicity-spinors and quantized massive twistors are
equivalent [9] and their high-energy limit may be seen
as a unified representation of both spin and spacetime
[11]. Albonico, Geyer, and Mason, have also utilized mas-
sive helicity spinors to incorporate mass in the twistorial
framework of string theory known as ambitwistor-strings
[10]. These works, in addition to the already large corpus
of literature presenting applications of massive spinors
both within and beyond the Standard Model are a re-
source for new theoretical data to help narrow down the
general theoretical framework outlined here.



Appendix A: Spinor helicity conventions and bases

Massless helicity spinors and Levi—Civita symbols:

) () e

Eap = —€P = P> = €ap = EIJ

Raising and lowering indices:
Ao = (A = eap)?,
A=\ = B3

Ao = Mens = N (—¢

kE Y = S\Qeaﬁ = )\ﬂ(—eﬁd) = —\ePe

Inner products are antisymmetric because of €,4 contrac-
tion:

(12) = A A5 eas = =M Aap = —AgpA] = — (21)
[12] = X sheac®® = =X ;A5 = —NJA 5 = — [21]

Note above that, unlike spinor fields, the spinor helicity
variables must commute: AjAs = A \;.

(Ax) == (xA) and [Ax] = —[xA] & (A =[AN\=0

Thus, outer products like A%y, and Na X% are superfluous
since 1) (2 = (12) and 1][2 = [12]. Only the “mixed”
outer product is used as it defines momentum:

pO% = XORE = N[\ = (Z) (a B) - (ZZ ZZ)

Spinor bases for general frame p*, rotated away from
reference frame k* by angles 6 and ¢:

(te = (c) and (%= <_S*>
s c

with ¢ = cosg and s = el? sing being diametrically op-
posed on S2. Remaining spinor bases are derived using
contraction rules:

apCt? = (fs C), (7 =capC " = (7675*)7
G =(2) @=er-(7)
G m et = (s ), T = e = (o ).

Little group basis is identified with (T and ¢~ for ref-
erence k¥ = 0=¢0=0=c=1,s=0:

¢ = (é) o (e, T = (‘f) o (e,
+

_ (0 1) A (—1 0) o W
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The standard 4-point Mandelstam variables are

s = (p} +p5)° = (0 +p})?,
t=(ph —pk)* = () —pi)?,
2 B2

Appendix B: Partial cross section for general spin

For minimal coupling (1%, 2%,3%) with spin s, the par-
tial cross section is the [4%]-rank tensor

{é1Gos}{B1Bas}
{a1-azsH{B1-Bas}

’m w1thz€ {1,2,...

,2s}. The case for
s = 5 is Shown in eq. . Consider the case s = 1.

There are 4 undotted and 4 dotted indices that will dis-
tribute over the variables A\; A1 A2A2. Concisely,

or, conclsely7

2

J; “+1
;B m2 M, a;Bi

Soibi _ ’(Al) 7,(A2)3

with symmetrized indices appearing below for

2(d1c2fifB2) 2 2 o .
|M|(a1;2ﬂ21[§2)2 =g m 6(a1a25(0‘10‘25ﬂ I82)5ﬁ1ﬁ2)
m?
g4 Y emme Pemm ™™, (B)

TESyY

where Sy is the symmetric group of 4 elements 1234, and
m is a permutation of these elements. With still more
conciseness, the pattern becomes more apparent

MIE = g*m? (e)(o)

Note that the round brackets (e€) are not symmetrization
indices. This leads to

viBi g (61 B B2)
Uziﬁi - g Py (alpl 0¢2p21ﬁ71p2?@2)
1 (@1 d B1B2) 2
— 3P (0 PlasEmpne ) (P12 +m7)
1 (61612 Bufa) (12 o
T 58(mast €B182)€ (pT, +m?)

where p12 = p; - po. We see that there are generally 5
ways to distribute the indices, yielding terms: p&Y, pap,
m?, p2,, and m*. Also, a minus sign appears for each
P12 + m?2 contraction.

Altogether, for arbitrary spin s, there are 4s + 1 ways
to distribute the indices, so the general formula claimed
in the main text in eq. is indeed



-1 n+1

wi_ 9 (=D
aa;ﬁ;:48+1n§) 5 (p1p2)
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25s—n (alﬁl ( ~)n ijj)

n 2n
(i E€) ) [p12+m ] (B2)

for fully symmetrized indices with labels 1 < i < j < s, as well as 2s — n copies of the momenta p; and po, and n

copies of the Levi—Civita symbols.
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